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A DISCRETE-TIME INVERSE SCATTERING ALGORITHM 
FOR PLANE WAVE INCIDENCE

IN A ONE-DIMENSIONAL INHOMOGENEOUS ACOUSTIC MEDIUM

Frederic B. LEYDS* and Jacob T. FOKKEMA*

A frequency based algorithm is developed to calculate the reflected acoustic signal resulting 
from plane wave incidence on a horizontally layered acoustic half-space. This forward modelling 
algorithm is inverted to yield a layer-peeling inversion algorithm to recover the acoustic impedance 
in each layer, using the principle of causality. At postcritical incidence, the development of an 
inverse algorithm is impossible because the evanescent waves in the horizontally layered half-space 
create a non-causal contribution to the scattered field.

The forward and inverse algorithms are tested for a complicated geology based on real 
well-log data. The inversion of synthetic signals produces excellent results. Experiments show that 
the inverse algorithm is sensitive to white noise. It remains stable only when those frequencies of 
the scattered field are used, at which the amplitude of the incident field visibly exceeds the amplitude 
of the noise. With this reduction of the bandwidth, the impedance profile of a geology of 684 layers 
can be recovered at a noise-to-signal ratio of 2% (r.m.s.). A simple geology of eight layers can be 
recontsructed at a noise-to-signal ratio of up to 30%, but only if recovered reflection coefficients 
within the noise range are removed by a threshold filter before the acoustic impedance profile is 
derived.

Keywords: plane wave, scattering, seismic inversion, signal-to-noise ratio, acoustical waves, one-dimen
sional models, algorithms, synthetic seismograms

1. Introduction

In seismic exploration, the measurement of a scattered wave field is used 
to obtain information about the structure of an often complicated subsurface 
geology. However, individual traces measured in the field usually do not allow 
for immediate and exact scaling and location of the elastic or acoustic par
ameters. All the field measurements must be used to determine the response of 
the geology from which, äs a last step of the data processing, the parameters 
can be estimated.

The research presented in this article describes a method for obtaining the 
acoustic layer parameters from the individual plane wave components of a one 
shot gather over a horizontally layered geology. This is an unrealistic problem, 
because the layers usually have some dip. However, such a shot gather is 
approximated by a common-mid-point (CMP) gather of seismic field recordings 
[see, for example, R o b in so n  and T r eitel  1980, Ch. 1].
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In other words, the input data of the inversion method investigated here 
are presumed to be the result of a successful plane wave decomposition of 
common-mid-point data, that has reduced the inversion to essentially a one
dimensional problem. Only synthetic input data are used in this article. The 
plane wave decomposition itself is not discussed.

The inversion algorithm used here is based on a procedure which Schur 
[1917] developed for testing the boundedness of complex functions that are 
analytic inside the unit circle in the complex z-plane. Bruckstein, Levy and 
Kailath [1983] give an account of its use as an inversion algorithm following 
work done by Goupillaud [1961], Claerbout [1976] and Robinson [1982], 
while Yagle and Levy [1984] discussed some of its applications. In this article, 
the inversion algorithm is developed for solving our particular problem, and its 
behaviour in the case of postcritical incidence is examined. The algorithm is 
tested on a digital computer using synthetic seismic responses.

We begin with the configuration of the model and describe the forward 
modelling procedure for simulating the plane wave response of a horizontally
layered acoustic earth. Then the inverse problem is tackled. A key assumption 
is that the layer thickness and velocity parameters coincide with the time 
discretization. This allows a layer peeling inversion algorithm to be made. 
Specific problems in the case of postcritical incidence are treated in a separate 
section. It will be shown that for postcritical incidence a non-causal distortion 
in the seismic signal destroys the inversion algorithm.

Finally, the computer implementation is briefly discussed and some results 
are presented. The sensitivity to noise of the inversion is also investigated.

2. Model configuration and representation of the acoustic wave field

The geological model consists of a set of N horizontal homogeneous 
acoustic layers L„, sandwiched between upper and lower homogeneous acoustic 
half-spaces, L0 and LN + 1 respectively. The configuration in which actual seismic 
data are obtained is always bounded at the top by a free surface. If the source 
is a monopole with dimensions small compared with a wavelength (for example 
a dynamite source), then the field data may be decomposed into plane waves 
[see, for example, Treitel, G utowski and Wagner 1982]. These plane wave 
components still contain the effects of the free surface, including multiples in 
the upper layer. In this paper it is assumed that the effects of the free surface 
have been removed and that the upper layer is a half-space. This half-space is 
represented by L0.

The origin is chosen in the upper half-space, with the z-axis pointing 
downwards vertically along the normal to the layer interfaces; layer interfaces 
are defined by z = z„ (Fig. 1). Using this configuration, the scattered wave field 
as caused by an incident plane wave is examined. Under these circumstances it 
is clear that the wave field consists of plane waves throughout the model.

The theory is treated in the frequency (/) domain. The acoustic pressure
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P is governed by the source-free wave equation :

AP+ k2P = 0
where A is the Laplacian operator, к is the wavenumber:

к = Clnf)lc
and the acoustic wavespeed is:

c = (K/q)112
in which К is the bulk modulus and q is the density.

The Fourier transform is defined as:

( 1)

(2)

(3)

P(J) = J P(t) exp ( + \2nft) dr (4)
— 00 

+ oo
P{t) = J P(f) exp ( -  \2лft)  d f  (5)

— 00
The wave fields in adjacent layers are coupled by two boundary conditions. 

These impose continuity on the pressure and on the vertical component of the 
particle velocity, everywhere along a layer interface:

Pn + i(x, y, zn, f )  = Pn(x, y, z„ f )  
for all / ,  X, у 

for n = 0, 1, ..., N
(6)
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and :
К  n + 1 (*> -V’ “гг f )  = К. п(Х’ У’ “ ГР / )

for all /, X, V 
for « = 0, 1 , N.

(7)

In the frequency domain the vertical component of the particle velocity can be 
expressed in terms of pressure as follows:

Vz n
1 8P„

\2nfQn dz ( 8)

In a layer Lr two plane-wave solutions of the wave equation (1) can be
distinguished, denoted by Р*п and P“n respectively:

Pn = P Í + P un (9)

H  = А(.Л exP {i27i/(a„x + yffj' + ynz)/c„} (10)

К  = A(./) exp {\2nf{cL„x + ß„y -  ynz)/c„} (11)
where :

y„ = ( l - a „2 - / ? n2)1/2 ( 12)
with: Re{yn} ^  0 (13)
and: Im{yn} ^  0 (14)

With this choice of y„ and with the complex time factor e x p (-i2 nft), P*n 
represents a plane wave either propagating or decaying in the positive z-direc- 
tion (i.e. downwards), whereas Pu„ represents a plane wave propagating or 
decaying in the negative z-direction (i.e. upwards).

The absence of discontinuities in the x and у  directions yields Snell’s law:

_ «л-1 _ a0 (15)
Cn i’n-l c0

ßn ßn- 1 ßo (16)
C„- 1 Co

In the upper half-space the downward-travelling wave corresponds to the 
incident fields as caused by the seismic source:

Po(x, y , z , f )  = D0(f) exp {i2nf(ct0x + ß0y + y 0z)/c0} (17)
while the upward-travelling wave, disappearing into the upper half-space, cor
responds to the observed and recorded reflected field :

P^x, y, z, f )  = Û0{f) exp {i2nf(a0x + ß0y —y0z)/c0} (18)



A discrete-time inverse scattering algorithm. . . 73

where :
a0 = sin (0o)cos(ÿ/o) 

ßo = sin (0 O) sin (F0) 
Уо = cos (0 O)

(19)
(20) 
(21)

with 0 ^ 6 о^л/2 and 0^Ч/о^2л  in which 0 O and are the vertical and 
horizontal components respectively of the spherical coordinates as shown in Fig. 2.

In the forward problem the structure of the model is given and, for a given 
incident field, the reflected field is to be computed. In the inverse problem the 
subsurface is unknown and must be reconstructed from measurements of the 
reflected field, using prior knowledge of the incident field and of the acoustic 
properties of the upper half-space only. In the research presented here the 
inversion aims at recovering the acoustic impedance profile; no attempt is made 
to recover the velocity and density profiles.

The relations obtained so far must be evaluated further to construct the 
wave field in all layers. As an aid in this construction, the global reflection 
coefficient of a layer L„ is defined as the ratio between upward- and downward- 
propagating wave fields, at a point just above the lower boundary z = z„.of that 
layer:

О X
/

Fig. 2. Definition of spherical coordinates f ,0 and 0 O 

2. ábra. А Ч'о és 0 O gömbi koordináták definíciója 

Рис. 2. Определение сферических координат Ч/„ и 0 (|.

3. The forward problem

or:

(22)

(23)
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It should be noted that the global reflection coefficient in the upper half-space 
equals the impulse response of the geology as measured just above the top layer.

By applying the boundary conditions Eqs. (6) and (7), and using the 
transmission property of a plane wave in a layer, the following recursion 
formula for the global reflection coefficient in layer L„ is obtained:

(1 - г 2п)А п+1(Л
l + rnRn+l( ß  wn + x{f)

for и = N — 1, N - 2 ,  1,0

(24)

in which r„ is the local reflection coefficient at interface z = z„ for a plane wave 
travelling downwards:

= Y„-Yh+ ! 
r" Y„+Y„+1

where Yn is the z-component of the acoustic admittance:

Yn = yjQ„cn
and in which Wn+ l(f) is the two-way phase delay of layer Ln+, :

(25)

(26)

Wn +i if) = exp (í27t/ t„ +, ) (27)
where :

Tn +1 = 2/in + iyn+ i/c„ + i • (28)
It must be noted that t„ is the two-way travel time within the «th layer for a 
propagating wave (in which y„ is real).

The recursion process is initiated in the lower half-space LN + 1 by imposing 
the radiation condition: this half-space does not contain any reflectors and 
therefore it contains no upward-travelling wave. Hence:

Rn(J) = rN- (29)
Starting from this condition, the global reflection coefficient is calculated step 
by step in each layer Ln using the recursion formula (24) as an upwards moving 
operator:

K (f )  = иР[Лл+1]( /)  (30)
The final outcome of this process is the global reflection coefficient in the 

upper half-space R0( f  ). From Eqs. (17), (18) and (22) it can be seen that the 
reflected field at any point in the upper half-space can be expressed in terms of 
the spectrum of the incident field D0( f  ):

РЦх, у, z0, f )  = R0(f) Р*0(х, у, z0, f ) (31)
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or
Pu0(x ,y , z , f )  = R0(f) D0(J) exp {\2nf(ot0x + ß0y + y0(2z0-z))/c0} (32)

This is the solution of the forward problem. This solution is well-known as the 
‘reflectivity method’ and can be found in many texts, see for example [K e n n e t t  
1985].

4. The inverse problem

In order to solve the inverse problem, first the upwards moving operator 
(Eq. 30) is inverted to give a downwards moving operator:

Rm + i(J) = DOWN [/?„,](/) for m = M -  1, M - 2 ,  1,0 (33)
where:

DOWN [RJ (У) (1 - r j ) R m(f)- 
1

W.- 1i (./) (34)

and in which the set of inverse recursion steps m is not yet determined. In the 
forward problem, recursion steps spanned the two-way travel times in the 
successive layers. In the inverse problem, of coui se nothing about the subsurface 
is known.

We now take advantage of the discretization of our time domain data. 
Following G o u p il l a u d  [1961], the time discretization is taken as a constant 
recursion step, such that:

Wm(f) = exp {\2nftm} (35)
where:rm=zlr for m = M -  1, M - 2 , . . . ,  1,0 (36)

This implies that our band-limited response can be described in terms of discrete 
layers Lm, each of which has a two-way travel time At. The aim of the recursion 
is now to find the contrast, if any, between these layers. It must be emphasized, 
in accordance with what has been said about the meaning of r„ following 
equation (28), that this only makes sense for precritical reflection.

The frequency domain associated with discrete time sampling is periodic; 
the Fourier transform pair corresponding to this situation is as follows:

+ 00
P(J) -  £  P[n\ exp ( + \2nfnAt) (37)

n =  — 00

+ 1/(2̂ )
P[n] = At j  P(f) exp (-\2nfnAt) áf  (38)

-I/C2A)

As stated above, in the inverse problem both the incident field and the 
reflected field are known. The inverse recursion process is initiated in the upper 
half-space L0 by:
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or:
RoW)

H(x, y, z0, /)
H(x,  У, z0, f ) (39)

Ш  = ^  ̂  'V/ r  ~  exP { " i2^/(a0x + + y0(2^o ~  z))/c0}, (40)
U )

where the reflected field Pu0(x, y, z, f )  corresponds to the field measurement, 
while the division by D0(J) represents the process of deconvolution, and re
moves the source function.

Before each step of the inverse recursion (33), the next local reflection 
coefficient must be determined. For this purpose, the forward recursion formula 
(24) is dissected by expanding RJJ)  and all its intrinsic previous Rff)  into a 
Taylor series; this is rather like taking apart a set of nested Matryoshka dolls. 
Each term of this Taylor series consists of a combination of local reflection 
coefficients with an exponential factor, expressing a particular scattering path 
and its two-way travel time. After adding up terms with a common exponential 
factor, an expression of the following form is obtained:

00

RJJ)  = rm+ Y  4 m) exp (\2nfkAt)
к — 1

(41)

where each coefficient A[m) is a sum of combinations of the local frequency- 
independent reflection coefficients r; and is therefore also frequency indepen
dent. It should be noted that the summation starts at k=  1; no zero-order 
exponentials occur in the summation. The inverse Fourier transform (Eq. 38) 
is then applied :

or:

+ 1/12ЛГ)
Rm[n\ = At } RJJ)  exp ( -  i2nfnAt) d/

- 1/(2 J/)

+ i/(2̂ /)
Rm[n\ = rm I exp ( -  \2nfnA t) d f +

-  1/(24/)
oo +1/(240

+ Yj J exp { - \2 n f {n -  k)At) d f
k =  1 -1/(24/)

(42)

(43)

The first integral on the right hand side of the above relation results in one pulse 
at ? = 0. The summed integrals in the second part produce a series of pulses, all 
occurring after t = 0:

00
R M  = rmô[n\+ Y  А?Щп-к ]

k= 1
(44)

Now it is clear that for « = 0:
ÆJ0] = rm (45)
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It will be recognized that this illustrates the causality principle. The first 
sample of a reflected signal is a single primary reflection, uncontaminated by 
primary or multiple reflections from deeper layers, which must all arrive later. 
As Rm[n\ represents an impulse response, the amplitude of this first sample is 
equal to rm, the local reflection coefficient of the ‘shallowest’ reflector.

In order to derive rm directly from the frequency domain of the global 
reflection coefficient, equations (42) and (45) are combined:

+ 1/(2 át)
= At J R J J ) à f

- I/<2J|)
(46)

After computation of one local reflection coefficient by means of the 
method described above, it can be used in the inverse recursion formula (34) to 
remove from the signal all effects of this reflector and the underlying layer, 
including multiple reflections, thus arriving at the next global reflection coef
ficient:

K  + iU) = DOWN [Rm] if) (47)
The inversion process becomes a sequence of alternately calculating a local 

reflection coefficient (Eq. 46) and applying the downward operator (Eq. 47). In 
this manner, having initiated the procedure in the upper half-space with formula 
(40), a maximum of M+  1 reflectors or M layers can be identified.

recursion: R0 -*r0 -»Ä, 

time : 0

layer No.: 1

'1
At

"+ Г 2

2Al

rM
MAt

M
Fig. 3. Inverse recursion scheme

— calculation of reflection coefficient rm with Eq. (46); ó - applying the DOWN-operator
with Eq. (47)

3. ábra. Az inverz rekurziós séma
az rm reflexiós együttható számítása a (46) egyenlettel; ö — a DOWN operátor alkalmazása

a (47) egyenlettel

Puc. 3. Схема обращенной рекурсии
- расчет коэффициента отражения гт по уравнению (46); ő — применение оператора

DOWN по уравнению (47).

The inversion scheme is illustrated in Fig. 3. The final result is a trace 
containing the recovered local reflection coefficients, at a constant interval of 
At. Finally, from the reflection coefficients, using the inverted version of formula 
(25), a profile can be derived of the vertical component of the acoustic admit
tance :

1 - r
Y = ----- - Y+1 t i  1m* ' ' m

(48)
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with:
Ут

Qm^-m
(49)

5. Postcritical incidence

It is necessary to reassess equations (41) to (45) for postcritical incidence. 
This is reached when:

—  <-*(«S+Æ )
Ск +1 C5

(50)

in a layer LK + l . It follows from equations (15), (16) and (12) that yK + 1 is now 
purely imaginary. From equations (25) and (26) it then follows that the local 
reflection coefficient is complex and depends on the sign of the frequency:

rK(f) = exp -  i2e f_

l/l
where :

e = arctan I Ух+1 QkCk

Ук {?k + ick+i

(51)

(52)

This has grave consequences for the recursion process and for the relations 
as derived from equation (41) onwards, where the forward recursion formula 
was expanded into a Taylor series. The expansion converges on condition that:

(53)

From expression (51) it is clear that

\fK{f)\ = 1 (54)
This latter property may pose a threat to the convergence of the Taylor expan
sion. In all recursion steps through layers of precritical incidence, the two-way 
transmission factor Wm + l(f) as defined in Eq. (27) is a complex exponent and 
the local reflection coefficient rm is a real number:

\Wm+ lOOl = 1 (55)
гтй \  (56)

On the other hand, in recursion steps through layers of poj/critical incidence, 
the transmission factor is a real decay factor, and the local reflection coefficient 
is now complex with modulus 1 :

&т+1(Л й  1

=  1

(57)
(58)
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In fact, if critical reflection is reached in layer LK + l, it can easily be shown that:

\Rm(f ) \ü \  for m = K + l,. . . ,  M - l , M  (59)
\Rm(f)\ = l for m = 0, \ , . . . , K - \ , K .  (60)

Relations (55) to (60) show that expression (53) always contains at least one 
factor of magnitude less than one, which secures the convergence of the Taylor 
expansion; it is ’safe’ for both precritical and postcritical incidence.

The whole analysis from equation (41) onwards is now reconsidered by 
examining the simple case of postcritical incidence in the lower half-space LM +,. 
As before, each term in the Taylor series of Rm(f) represents a particular 
scattering path. Some of these terms contain the complex rM(f) at least once, 
the number of times depending on how often the postcritical reflection surface 
z = zM is included in that particular scattering path. The smallest exponential 
factor attached to one of these terms is exp {\2nj\M — m)At}, which expresses 
the earliest or primary postcritical reflection .

As before, terms with a common exponential factor are collected into a 
single coefficient. However, frequency dependent terms containing rM(/) are 
here isolated in a separate summation :

RJJ)  = i-m+ £  A[m)e\p(\2nfkAt) + £  ê (km\ f )  exp (\2nfkAt) (61)
k = 1 k = M - m

for m <M
Every term in the second summation on the right hand side has the form
of a summation itself:

ЯГС/') = t  GT) exp (  -  i2ej ) (62)

where j  indicates the number of reflections at interface z = :M and G[m)j is a real 
and frequency independent factor representing the sum of all possible scattering 
paths between m and M for a given j  and two-way traveltime к At.

Applying an inverse Fourier transform (Eq. 38) to &™\f) leads to:

ЯН0] = t cos (2ej) (63)
i= 1

and:

&km)[n\ = f  G[m) 2 Sm (2fi/) for | ii! = 1,3,5... (64)
jt'i nn
B^\n\ = 0 for |n! = 2, 4, 6... (65)
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Equations (44) and (45) now appear as:

and:

k m  = r j [n \+  z  м щ п - м  z  m n - k ]
k = 1 k = M  -  m

R mi = r + V V r ,m) 2 sin (2ej)
äJ°] m Zl .Z G<2k+iij n(2k+l)

with L ~ ( M  — m —\)l2 for odd (M — m) 
or L — 2 for even (M - m )

(66)

(67)

The first sample of the global reflection coefficient is contaminated by an 
undesired non-causal noise, originating from the postcritical reflection from 
deeper layers. This non-causal effect is not suprising. It is a consequence of the 
formulation. The incident plane wave has been propagating for an infinite time 
before passing the origin of the coordinates at our chosen time origin / = 0. For 
postcritical incidence the evanescent wave travels faster horizontally than the 
propagating wave and therefore creates a scattered field before the incident 
wave arrives.

This shows that the forward recursion process produces an impulse re
sponse of the geology containing a non-causal element for postcritical incidence 
only. As a result of this, there can be no inverse recursion which uses the concept 
of causality to reconstruct the acoustic layer parameters.

6. Numerical results

In accordance with the theory, a forward program and an inverse program 
were developed. Discretized versions of both recursion formulae were used, of 
course, with a time sampling interval of two milliseconds and a total of 4096 
sampling elements.

The programs were implemented on a Gould 32/67 computer equipped 
with a 32-bit CPU with high-speed transistor-to-transistor logic (TTL), operat
ing at 150 nanoseconds machine cycle time. The CPU time used by the forward 
program of course depends heavily on the number of layers in the geological 
model, as this determines the number of recursion steps. The inverse program 
uses 2,629 seconds CPU time for 2048 recursion steps.

Figure 4(a) shows an acoustic impedance profile of a structure containing

4. ábra. A 684 réteges modell
(a) akusztikus impedancia szelvény; (b) szintetikus szeizmogram merőleges beesésre az 5. ábrán 

látható elemi hullámmal; (c) az inverzió eredménye zaj nélkül, maximális frekvencia 250 Hz;
(d) az inverzió eredménye 2% fehér zaj hozzáadása után, maximális frekvencia 125 Hz

Puc. 4. Геологическая модель с 684 слоями:
(а) профиль акустического импеданса; (Ь) синтетическая сейсмограмма при прямом 

вхождении для вавелета рис. 5; (с) резултат обращения, без шума, максимальная частота 
-  250 гц; (d) результат обращения после добавления 2% белого шума, максимальная

частота -  125 гц.
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Fig. 4. The mode! of 684 layers
(a) acoustic impedance profile; (b) synthetic seismogram for normal incidence with the wavelet 
shown in Fig. 5; (c) inversion result, no noise, maximum frequency 250 Hz; (d) inversion result 

after adding 2% white noise, maximum frequency 125 Hz
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684 layers. This geological model is based on real data taken from a North Sea 
oil well. The upper half-space consists of sea water. A synthetic wavelet (Fig. 5) 
was used to calculate a seismic response for normal incidence, shown in 
Fig. 4(b). The result of the inversion algorithm is demonstrated in Fig. 4(c). 
Clearly, it yields a perfect reconstruction of the whole subsurface sequence, from 
the ‘sea bottom’ down to the lower half-space. It should be remembered that 
the complete inversion scheme entails two recursive processes. First the local 
reflection coefficients are recovered through the inversion, using the layer peel
ing and multiple removing algorithm illustrated by Fig. 3; secondly, the acoustic 
impedance (or admittance) profile is derived using equation (48).

For all precritical angles an excellent result was obtained: an exact recon
struction of the vertical acoustic impedance component, based on a two-way 
travel time scale.

As a first step towards reality, the sensitivity of the algorithm to noise was 
tested. Figure 4(d) shows the result of the algorithm after adding white noise 
to the signal shown in Fig. 4b, at a noise-to-signal ratio of two per cent (r.m.s.). 
In order to obtain a stable solution, the frequency bandwidth had to be cut by 
half: only frequencies up to 125 Hz instead of 250 Hz were included in the 
inversion scheme. Apparently, at higher frequencies the information bearing 
content of the reflected signal has been flooded by the noise content; an effect 
enhanced by the deconvolution process as expressed by formulae (39) and (40).

Fig. 5. Synthetic wavelet in time- (a) and frequency (b) domain 

5. ábra. Szintetikus elemi hullám az idő- (a) és a frekvencia- (b) tartományban 

Puc. 5. Синтетический вавелет: (а) временная область; (b) частотная область.
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It can be seen in Fig. 4(d) that the shape of the impedance profile is 
recovered more or less correctly. Most strikingly, individual reflections are 
identified at the correct two-way travel times, hence layer interfaces are put at 
the right place throughout the structure. The magnitude of the identified reflec
tion coefficients contains an error—as can be expected—which, in its turn, 
causes an overall deviation in the reconstructed impedance profile. This be
comes clear especially at relatively sharp contrasts. Sometimes minor contrasts 
are exaggerated and smooth layers acquire an irregular appearance; this is most 
noticeable at the lower half-space where the global reflection coefficient should 
have been zero for all frequencies. However, as stated before, the error in the 
local reflection coefficients never destabilizes the inverse layer peeling and 
multiple removing algorithm, as long as ’unreliable’ frequencies are excluded 
from the inversion process.

Finally, the ultimate limits to the noise endurance of the algorithm were 
explored. An extremely simple synthetic geology (Fig. 6(a) ) was scanned with 
a minimum phase wavelet shown in Fig. 7, which has a more broad-band and 
more regular spectrum than the synthetic wavelet used previously.

Figure 6(b) shows the resulting reflected wave with a noise-to signal ratio 
of 30 per cent. Figure 6(c) shows the recovered reflection coefficients, using fre
quencies up to 75 Hertz only. All reflections are still identified at exactly the 
correct two-way travel times. The layer peeling and multiple removing 
algorithm has remained stable, but the quantitative error in the magnitude of 
the recovered reflection coefficients is such that the recursive process of recon
structing the impedance profile does not at first produce a sensible result. 
However, if a threshold value is implemented to select only those reflection 
coefficients which exceed the expected noise level, an impedance profile is 
obtained which gives a reasonable estimate of at least the shape of the subsur
face (Fig. 6(d)).

The inversion process becomes unstable if either the noise level or the 
bandwidth is increased. Thus the resolution of the inversion process depends 
on the bandwidth for which there is an adequate signal-to-noise ratio.
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Fig. 6. Simple geological model
(a) acoustic impedance profile; (b) synthetic seismogram for normal incidence with the wavelet 

shown in Fig. 7, 30% white noise added; (c) recovered reflection coefficients, maximum 
frequency 75 Hz; (d) reconstruction of the acoustic impedance profile after applying a 30%

threshold filter
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Fig. 7. Minimum phase wavelet in time- (a) and frequency (b) domain 

7. ábra. Minimum fázisú elemi hullám az idő- (a) és frekvencia- (b) tartományban 

Puc. 7. Вавелет в фазе минимума: (а) временная область; (Ь) частотная область.

6. ábra. Egyszerű földtani modell
(a) akusztikus impedancia szelvény; (b) szintetikus szeizmogram merőleges beesés mellett a 7. 
ábrán látható elemi hullámmal, 30% fehér zaj esetén; (c) az inverzióval visszanyert reflexiós 

együttható sorozat, maximális frekvencia 75 Hz; (d) az akusztikus impedancia szelvény 
rekonstrukciója, 30% küszöbszűrőt alkalmazva

Puc. 6. Простоя геологическая модель:
(а) профиль акустического импеданса; (Ь) сигнал отраженной волны при прямом
вхождении для вавелета рис. 7, 30% белого шума; (с) полученные путем инверсии 
коэффиенты отражений, максимальная частота -  75 гц; (d) воссоздание профиля 

акустического импеданса с использованием порогового фильтра 30%.
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7. Conclusions

Using acoustic wave theory, a frequency based recursion scheme has been 
developed to calculate the reflected wave signal of a horizontally leyered struc
ture for plane wave incidence. By inverting this recursion algorithm and using 
the causality principle, a layer peeling and multiple removing algorithm has 
been derived, which recovers the layer structure from the reflected wave.

In the case of postcritical incidence the reflected wave contains a non-causal 
component; an inversion algorithm using the concept of causality cannot 4)e 
developed.

For any precritical angle of incidence the inversion algorithm yields ex
cellent results on noise-free synthetic reflected field signals.

Tests show that the inverse algorithm remains stable when the reflected 
signal is contaminated with white noise, although parts of the frequency domain 
where the signal-to-noise ratio is small must be left out of the algorithm. 
Qualitatively, the recursion performs well and the reflection coefficients are 
identified at the correct two-way travel times. However, the recovered reflection 
coefficients contain a quantitative error which at very high noise levels necessi
tates the use of a threshold filter, in order to obtain a faithful acoustic impedance 
or admittance profile.
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INVERZ SZÓRÁSI ALGORITMUS SÍKHULLÁM BEESÉSRE, EGYDIMENZIÓS 
INHOMOGÉN AKUSZTIKUS KÖZEGBEN

Frederic В. LEYDS és Jacob T. FOKKEMA

Vízszintesen rétegzett akusztikus féltérre beeső, síkhullámból keletkező reflektált akusztikus 
jel számítására kifejlesztettünk egy, a frekvencián alapuló algoritmust. Ezt a modellező algoritmust 
invertáltuk, hogy egy réteglefejtő algoritmust kapjunk, amellyel minden rétegben meg tudjuk 
határozni az akusztikus impedancia értéket, az okság elvének alkalmazásával. A kritikusnál na
gyobb beesési szögnél az inverz algoritmus kidolgozása lehetetlen, mert a lecsengő hullámok a 
vízszintesen rétegzett féltérben egy nem-oksági taggal járulnak hozzá a szórt térhez.

A direkt és inverz algoritmust valódi karotázs adatokon alapuló bonyolult szerkezeten 
ellenőriztük. A szintetikus jelek inverziója kiváló eredményeket ad. Kísérletek mutatják, hogy az 
inverz algoritmus a fehér zajra érzékeny. Csak akkor marad stabil, ha a szórt térnek azon frekven
ciáját használjuk, amelynél a beeső tér amplitúdója láthatóan meghaladja a zaj amplitúdóját. 
A sávszélességnek ezzel a csökkentésével 684 rétegű modell impedancia szelvényét lehet elkészíteni 
2% (r. m. s.) zaj/jel viszony esetén. Nyolc rétegű egyszerű felépítés 30% zaj/jel arányig rekonstruál
ható, de csak abban az esetben, ha a zaj tartományába eső reflexiós együtthatókat eltávolítjuk egy 
küszöb szűrővel, mielőtt az akusztikus impedancia szelvényt levezetnénk.

АЛЬГОРИТМ ОБРАТНОЙ ДИСПЕРСИИ, ДИСКРЕТНОЙ ВО ВРЕМЕНИ, ДЛЯ
ВХОЖДЕНИЯ ПЛОСКОЙ ВОЛНЫ, В ОДНОМЕРНОЙ НЕОДНОРОДНОЙ 

АКУСТИЧЕСКОЙ СРЕДЕ

Ф. Б. ЛЕЙДС и Дж. Т. ФОКЕМА

Разработан альгоритм на базе частот для расчета отраженного акустического сигнала, 
возникающего из плоской волны, входящей в горизонтально слоистое акустическое полуп
ространство. Данный альгоритм, осуществляющий моделирование во времени, был обра
щен с целью получения альгоритма снятия слоев для получения значений акустического 
импеданса по всем слоям путем применения принципа причинности. При угле вхождения 
больше критического разработка обращенного альгоритма невозможно, ибо затухающие 
волны в дисперсном поле образуют непричинный член в горизонтально слоистой среде.

Прямой и обращенный альгоритмы проверялись на каротажных данных, полученных 
в сложных геологических условиях. Обращение искусственных сигналов обеспечивает отлич
ные результаты. Экспериментами учтановлено, что обращенный альгоритм чувствителен 
к белому шуму, оставаясь стабильным лишь в том случае, если используются те частоты 
дисперсного поля, на которых амплитуда входящего поля явно превышает амплитуду шума. 
Подобным уменьшением ширины полосы можно составить профиль импеганса мотели с 684 
геологическими слоями при 2%-ном соотношении шум: сигнал (г. m. s.). Простая геологиче
ская модель с восемью слоями может быть воссоздана вплоть до 30%-ного соотношения 
шум: сигнал, но лишь в том случае, если вскрытые коэффициенты отпажения в диапазоне 
шума удаляются пороговым фильтром еще до вывода профиля акустического импеданса.




