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INTERPRETATION OF COMPLEX RESISTIVITY
AND

DIELECTRIC DATA 
PART I

W. H. PELTON1, W. R. SILL2, B. D. SMITH3

Dielectric spectra and complex resistivity spectra are closely related through the general theory 
of relaxation. It is possible to group a great many simple models which have been proposed for IP 
or dielectric phenomena into three relaxation “families”. We have examined the behavior in the 
frequency domain, in the time domain, and in the distribution function domain of several of the 
more common relaxation models.

As part of our organization of the models into groups and as part of our examination of the 
relationships between different models, we have created three generalized expressions which describe 
a very broad range of relaxational behavior. However, not often is it possible to determine all the 
parameters of the more general models from observed data. The most useful model, we have found, 
is the simple Cole Cole model, which merely describes a symmetric peak in a plot of log phase 
versus log frequency, or a symmetric “bump” in a plot of the imaginary versus the real part of the 
transfer function.

d: complex resistivity, frequency domain, Cole—Cole model

1. Introduction

In the past few years, geophysicists concerned with measuring the electrical 
properties of rocks have been stimulated by developments in two somewhat 
different areas of research. The first of these involves mining exploration where 
portable field equipment has been developed to measure induced polarization 
response at a number of frequencies or decay times [Van  V oorhis et al. 1973, 
H allof 1974], The additional spectral information is being used in an attempt 
to discriminate between different types of polarizable materials [Zonge  1972, 
Pelton  et al. 1973, Z onge and W y n n  1975, K atsube 1975], to predict more 
accurately the concentration of metallic mineralization [G risseman 1971; S ill 
and D ew itt  1976], and to remove inductive electromagnetic coupling response 
from IP data [H allof 1974. W y n n  and Z onge  1975, Pelton et al. 1978].

The second area of recent activity in rock electrical measurements involves 
study of the complex dielectric constant of lunar rocks and soils returned by the 
Apollo manned space program [O lhoeft et al. 1974]. The results of these 
measurements are intended to aid the remote sensing of the solar system by
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characterizing the dielectric relaxation phenomena and its dependence on mi- 
neralogical composition, as well as the dependence of the relaxation parameters 
on other physical variables, such as temperature [Saint-Amant and Strang
way 1970].

Although the two research areas may appear rather diverse since they 
involve consideration of different physical processes, they are actually very 
closely related through the general theory of linear relaxation response [Shuey 
and Johnson 1973]. This close relationship is demonstrated by the result that 
the most promising mathematical model currently being used to describe the 
bulk electrochemical polarization of mineralized rocks [Madden and Cant
well 1967, Pelton et al. 1973] was originally introduced by researchers con
cerned solely with dielectric relaxation [Cole and Cole 1941].

While progress has been made in acquiring accurate complex resistivity and 
dielectric data over a larger frequency range, less has been accomplished regard
ing the analysis of these spectra. Fraser et al. [1964] categorized conductivity 
spectra by the terms “concave-up” and “concave-down” and Zonge and Wynn 
[1975] make the distinction between type A, B, and C response based on the 
slope of a Cole—Cole plot. Both methods are capable of indicating very 
gross features in the data; however, in order to characterize subtle changes in 
complex resistivity spectra with variable grain size or sulfide concentration 
[Grisseman 1971] or to describe variations in dielectric data due to increasing 
temperature [Saint-Amant and Strangway 1970], it is essential to develop a 
quantitative rather than a qualitative description of spectra. This requires 
adoption of some mathematical model and a method for determining mode! 
parameters from spectral data.

The purpose of this paper is

— to summarize briefly the essential requirements of relaxation models for 
complex resistivity and dielectric behavior,

— to examine closely the behavior in the frequency and time domains of 
various models which have been suggested for electrical relaxation in rocks,

— to investigate the differences and interrelationships between these 
models,

— to describe a ridge regression inversion technique for determining the 
optimum mathematical model fitting various complex resistivity and dielectric 
data, and

— to illustrate some applications of the inversion scheme, including selec
tion of an appropriate model, quantitative evaluation of various spectra and 
transformation between the frequency domain and the time domain.

2. Complex resistivity and complex dielectric constant

For low current density (J< 10~2 А/m2) and constant temperature, press
ure and composition, it is observed that the relationship between current den-
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sity, J , and electric field, E  in rocks is linear. This allows the relation between 
E and J to be expressed by a constant of proportionality. If the rock sample is 
large enough to be considered homogeneous, the constant is usually considered 
to be independent of position. In the general case the constant is a tensor 
quantity, but for many practical measurements, rock materials are approxi
mated as isotropic and the constant reduces to a scalar.

We now make the distinction between “conduction current”, f  ., carried by 
charges which are free to move distances larger than the order of atomic 
dimensions and “displacement current”, Jj, which involves reorientation of 
bound charge over distances which are of the order of angstroms [F uller  and 
W a r d  1970]. Maxwell’s second equation may be written

V X Я = f  . + Jj (1)

where
(2)

is the displacement current. Resistivity, p, is now defined by the linear relation 
between conduction current density and electric field,

E = p f  (3)

The resistivity can be considered entirely real only if the relation between 
J, and E is completely independent of time. However, it is possible to describe 
much more general, time-dependent relationships between J, and E considering 
p to be a complex function of frequency. We note that if E is related to Jc by 
any linear operator with time-invariant parameters (e.g. integrodiflferential 
operator with constant coefficients) then when Jc is of the form e"u', E is of the 
form /(cu)e"ü'. In other words, complex exponential functions are eigenfunctions 
of linear time-invariant operators and the complex constant of proportionality, 
/(tu), is the eigenvalue for the particular frequency, со, being considered [Papou- 
lis 1962 p. 84]. Thus resistivity may be considered a complex function of 
frequency describing the eigenvalues at all frequencies for the linear operator 
relationship between and E. Conversely, if the relationship between Jc and 
E is unknown, we may attemp to measure p(a>) over the frequency range of 
interest and thereby deduce the relationship.

In a similar manner we can consider complex permittivity, e(cu), as describ
ing the linear operator relation between electric field, E dielectric displacement
A

D(co) = e(co)E(go) (4)
or alternatively, we may divide e ( c o )  by a constant value, e0, the permittivity of 
free space, and examine K(co) = e(cu)/e0, the complex dielectric constant.

The relationship between displacement current density, J,h and electric 
field, E  is now obtained by differentiating D(t) with respect to time, resulting in
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JA«j) =  icoe(w)E(co) (5)

for e“"' time dependence. And we have, in general, for Maxwell's second equa
tion in the frequency domain

= [ 1 /pU'j) + i(ot:{oj)\E(ot) (6)
where

J tÍco) = V X H(co) (7)
is the total current density.

Since all conventional electrical measurements are limited to monitoring 
directly or indirectly JT and E, there is some ambiguity in dividing the real and 
imaginary parts of [ 1 /p(w) + íwe(oj)\ between real and imaginary resistivity and 
between real and imaginary permittivity. As has been demonstrated by some 
researchers, it is possible to completely omit out-of-phase or imaginary resis
tivity and to attribute the phase lag between J7{co) and E(to) in mineralized rocks 
at low frequency as entirely due to the permittivity. If this is done, the dielectric 
constant must be considered larger than 108 to produce phase angles of 10 
milliradians in 100 fim material at 10 : Hz. Physically, this requires that charge 
be separated by distances of the order of centimeters rather than of the order 
of angstroms. We believe that charge which is able to travel such large distances 
is more appropriately labelled “free” as opposed to “bound”, and that the phe
nomena which give rise to such polarization behavior are more correctly called 
complex resistivity phenomena rather than complex dielectric phenomena. In 
this regard we are in full agreement with F uller and W a r d  [1970] that the 
interpretation of rock electrical properties in terms of abnormally large dielec
tric constants is both unnecessary and undesirable.

By making the distinction between free and bound charge and by limiting 
bound charge to displacements of the order of angstroms, we effectively restrict 
the magnitude of the dielectric constant to values approximately between 1.0 
and 80. Thus if we are interested solely in measuring the electrochemical 
polarization of wet, mineralized rocks we may usually ignore the effect of 
displacement currents if the frequency range is limited to less than 104 or 1Ö5 
Hz. For example, the error in phase due to a dielectric constant of 35 for a rock 
resistivity of 100 fim is approximately 20 milliradians at 105 Hz and only 
2 milliradians at 104 Hz. For lower resistivities the error is proportionally lower. 
If processes involving only displacement currents are of interest, we attempt to 
decrease the effect of conduction currents by carrying out measurements on 
thoroughly dry rocks at high frequencies, so that the error term, 1 /iœp(œ), in 
the measurement of е(ш) is minimized. Alternatively, if it is not possible to 
reduce these errors to insignificantly low levels, both p(oj) and c(a>) may be 
included in the forward model. We can then attempt to determine parameters 
for both of the functions through simultaneous inversion.



Interpretation of complex resistivity and dielectric data 301

3. Linear system theory

T im e invariance

In order to give meaning to the terms “complex resistivity” and “complex 
permittivity" we have assumed that the electrical properties of rocks may be 
described by parameters which remain constant over the measurement time 
scale. This condition of time invariance poses restrictions on the form of the 
linear operator relation between input, F (t) , and output, G (t) .  For the models 
we will be considering the relation can be described by

q (D , )G ( t )  =  F (t)  (8)

where D , denotes differentiation with respect to time and q (x )  is a rational or 
transcendental expression with constant coefficients.

T ra n sfer  fu n c tio n

If the Laplace transform is applied to (8), and F(0) = 0, the result is

q{s)g(s) = ./(л) (9)
where s is the transform variable.

The term,

Ks) = —  (10)
Ф )

is the transfer function and relates the transform of F(t)  to the transform of G (t) .  
We will define the Fourier transform by

00

f ( w )  =  J F ( t ) e ~ iu" d t .  (11)
- 00

Then if we are dealing with causal inputs and with linear, time-invariant, 
causal systems, the transfer function in the Fourier transform or frequency 
domain is simply h(co) where ico is substituted for s.

C a u s a l i ty

The condition of causality requires that the output G ( t) always be zero for 
t< 0  if the input F (t)  is zero for ?<0. Thus the impulse response, H (t)  =  G ( t ), 
when F (t)  =  ó ( t ) ,  must be zero for /<0. In general, the output, G(/), of a linear, 
time-invariant system is obtained by convolving the input, F(t), with the Green's 
function or impulse response of the system,
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G(t)= $ F(t — tl)H(ti) dt1. (12)
-oo

However, for causal inputs and causal systems, since F (t)  = 0 and H ( t )  = 0 for 
/< 0  the convolution integral reduces to

G{t) = $ F ( t - /,)#(*,) dtx. (13)
о

Causality also places restrictions on /;(o>), the transfer function or spectrum of 
H(t),

OO

h(w) = $ H (t)e~ 'wl d t .  (14)
- 00

Since H{ t )  = 0 for t<0, the real and imaginary parts of h(w) must be Hilbert 
transform pairs [Bracewell 1965, p. 272]. This requirement actually provides 
an independent check on the quality of field and laboratory measurements. If 
the real and imaginary parts are not Hilbert transform pairs, either the measure
ment system is defective or the current density is so large that non-linear effects 
are created and linear system theory can no longer be applied.

Closely related to the idea of causality is another constraint which we will 
loosely call “no time delay”. By invoking causality we only prevent the impulse 
response from “occurring” before / = 0; we say nothing about how long it may 
be delayed after t = 0. A delay could be introduced physically by a finite 
propagation time or artificially by lack of synchronization between receiver and 
transmitter clocks; however both these effects might be treated more appro
priately as measurement difficulties and thus be excluded from transfer func
tions which attempt to mode! electrical properties.

Stability

An additional common property of most physical systems is that of stabil
ity. This requires that the output be bounded if the input is bounded. We find 
that this condition applies to all rock electrical measurements. If, for example, 
the input is a current step-function, the measured electric field cannot rise to 
infinity; it must be limited to some finite value at large times. This requirement 
is equivalent to the absolute integrability of the impulse response [Papoulis 
1962, p. 85]

S |tf(OI dt < CO (15)
- OO

Simple transfer functions which do not satisfy this requirement are ones which 
have singularities at the origin. A resistivity transfer function having (ia>)~c 
behavior (0 < c ^  1) near a> = 0 will have an impulse response which behaves as 
F 1 for large time. The integral given in (15) diverges, and we note that the step 
function response is indeed unbounded as t->oo (it tends to infinity as t‘).
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If we wish to require similarly that the output be bounded at i = 0 (for a 
bounded input), we must also rule out singularities in the transfer function at 
to = oo. An example would be a conductivity transfer function which has (ioff 
behavior (0 < c < l)  as w~*co. The step function response for this transfer 
function behaves as r c for small t and is consequently unbounded as t->0.

Since conductivity is the reciprocal of resistivity, this suggests that both 
resistivity and conductivity transfer functions should have finite, non-zero 
asymptotes at high and low frequency. These requirements are necessary to 
prevent unbounded response to simple step-function current or voltage excita
tion.

R e la x a t io n

We can put further constraints on the behavior of the transfer function 
between its low and high frequency asymptotes by noting that rocks are passive 
elements which exhibit only relaxation behavior in response to electrical stimuli. 
By “passive” we mean that rocks do not generate their own output, and by 
“relaxation behavior” we observe that the lowest resonance frequency is around 
1013 Hz—far above the frequency range of interest in geophysical explora
tion.

A thorough mathematical description of relaxation has been given by 
Sh uey  and Jo h nso n  [1973]. Their postulate of “pure relaxation” restricts all the 
singularities of relaxation transfer functions to lie only on the positive imaginary 
axis of the complex frequency plane (for our definition of the Fourier trans
form). They further make the distinction between resistivity and conductivity 
relaxation, where the former describes the voltage response to a current input 
and the latter describes the current response to a voltage input. These two 
relaxation transfer functions are quite different in form. We note that if

h(ca) = I h(co) I е'ф(ш) ( 16)

where \h(w)\ is the amplitude and Ф(со) is the phase, then the amplitude of the 
resistivity transfer function for mineralized rocks is a decreasing function of 
frequency, whereas the amplitude of the conductivity transfer function is an 
increasing function of frequency. Since we observe that \p{co)\ and £(co) are 
both decreasing functions of frequency we will attempt to deal exclusively with 
relaxation models which produce this type of amplitude behavior (Figure 1).

One way of specifying such a relaxation model is to require that the 
distribution function, i.e. the inverse Laplace transform of the impulse response, 
be entirely positive. With this final requirement we are assured that |/?(a>)| will 
be a monotonically decreasing non-negative function of frequency and that H(t) 
will be a monotonically decreasing non-negative function of time for t > 0. Since 
the step-function response, U(t), is obtained by integrating H(t),

U(t) = J В Д  dk,
о

(17)
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it must be a monotonically increasing function. The negative step-function 
response,

V(t) = 1 -  U(t), (18)
is then monotonically decreasing and we are consistent in relating this type of 
relaxation model only to those processes which produce “decay” behavior.

Fig. 1. Typical relaxation transfer function 

I. ábra. Jellegzetes relaxációs átviteli függvény 

Рис. 1 Характерная функция релаксиционной передачи

4. Equivalent circuits

A linear, time-invariant system may be concisely described by its transfer 
function, h(co), impulse response,, H(t), negative step-function response, V(t), 
or linear operator, q(D,), since all are uniquely interrelated. An alternative, 
popular method of describing these systems is by means of an equivalent circuit. 
The circuit representation may provide additional insight into the physical 
processes taking place. However, such descriptions are inherently non-unique: 
we may choose either series or parallel combinations of components which 
result in the same transfer function. This ambiguity is clearly illustrated by 
Figure 2. The three equivalent circuits appear distinctly different, yet all these 
have the same mathematical expression for the impedance transfer function:
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h(œ) = R 1 m 1 -
1

1 + (ifflZ)'
(19)

From complete spectral measurements of the impedance of the equivalent 
circuit we can determine only four parameters, R, m, r, and c, whereas the 
equivalent circuit given in Figure 2/c has five variables: R0, R x, R2 X  and c 
(circuits 2la and 2/6 are merely specific examples of 2/c for R2 = co or R0 = со). 
Thus, in this simple example we are faced with the fundamental ambiguity of 
a system of four equations with five unknowns.

Fig. 2. Three different equivalent circuits giving the same Cole—Cole relaxation response

2. ábra. Három különböző ekvivalens áramkör, amely ugyanazt a Cole—Cole relaxációs választ
adja

Puc. 2. Три различные эквивалентные схемы, дающие одинаковый релаксиционный ответ
типа Кол—Кол
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Unless we specify the type of input and output, there is even further 
ambiguity in the choice of components for an equivalent circuit having a specific 
mathematical expression for the transfer function. For example, we may choose 
to discuss only equivalent circuits which have current as input, voltage as output 
and complex impedance as the transfer function. The models then closely 
simulate IP phenomena where the input is conduction current density, У,.(со), 
the output is electric field, E(a>), and the transfer function is complex resistivity, 
p(a>). In order to obtain the desired type of relaxational behavior with this input 
and output we are restricted to using resistances and capacitance-type elements. 
Using inductances and resistances produces conductivity-type relaxation, and 
using both capacitances and inductances as well as resistances provides two 
energy storage mechanisms, which in turn results in some form of resonant 
behavior: either underdamped, critically-damped or overdamped. All of these 
types of resonance arise from transfer functions which have singularities off the 
positive imaginary axis of the complex plane.

Alternatively, we may choose to consider equivalent circuits which more 
closely approximate dielectric behavior. Since the input in this case is electric 
field, E(a>), the output is displacement, D(a>), and the transfer function is 
complex permittivity, г(со), it is more common to postulate equivalent circuits 
which have voltage as input, charge density as output, and complex capacitance 
as the transfer function [Daniel 1967]. If we again restrict our choice of 
components to only resistances and capacitances the result is an equivalent 
circuit whose transfer function (complex capacitance), has poles only on the 
positive imaginary axis, and whose amplitude is a monotonically decreasing 
function of frequency. It turns out, however, that the roles of capacitance and 
resistance are exactly reversed. When considering impedance, i.e. complex 
resistance, a circuit composed of only a single resistance is frequency- 
independent and the impulse response is a delta function. Addition of at least 
one capacitance is required for frequency-dependent behavior. Exactly the 
converse is true when considering complex capacitance. It is necessary to add 
a resistance to the single capacitance in order to simulate a “lossy dielectric” and 
thus create frequency-dependent behavior.

With these considerations in mind we will later discuss only the first type 
of equivalent circuit model for relaxation: that which has current for the input, 
voltage for the output and complex impedance for the transfer function. The 
mathematical models we develop in this manner will be equally applicable to 
both complex resistivity and complex permittivity since both are relaxation 
transfer functions whose amplitude is a monotonically decreasing function of 
frequency. Once the expression for the transfer function is obtained using 
standard circuit impedance analysis techniques, we may if desired, obtain the 
conventional “complex permittivity” equivalent circuit for dielectric behavior 
by replacing all resistors with capacitors and all capacitors with resistors.
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5. Relaxation models

All the mathematical models which meet our requirements of causality, 
stability, and relaxation share three main features concerning the amplitude of 
the transfer function. As illustrated by Figure 1 there is a low frequency 
asymptote, a dispersive region and a high frequency asymptote. The dispersive 
region can be considered as centered around a typical frequency or, alternative
ly, the step function response can be related to a particular time or time 
constant, r. From the scaling property of Fourier transforms we know that a 
dispersion which occurs at low frequencies is characterized by a large time 
constant.

The asymptotic behavior of the amplitude can be described by two addi
tional parameters. If the low frequency asymptote has the value R then the high 
frequency asymptote must have the value R( 1 —m), where 0<m5= I, since the 
amplitude is a monotonically decreasing non-negative function. This dimen
sionless quantity, m, determines the discontinuity at the origin for the time 
domain response. It is readily shown from the initial and final value theorems 
for Laplace transforms [Wait 1958, Hallof 1963] that for a negative step 
function,

m  = VJ Vp, (20)

where V, is the output at t = 0+ and Vp is the output at / = 0 ' . Seigel [1959], in 
discussing the IP relaxation, gave the name "chargeability” to this fundamental 
parameter, and Keller and Frischknecht [1966] stress its importance in the 
description of induced polarization behavior.

Cole— Cole family of models

There are several quite different mathematical models which have been 
proposed to describe resistivity and dielectric spectra. We have attempted in 
Figure 3 to place these models in three major groups. Probably the most 
important group, and one we will discuss first, is the Cole—Cole family of 
models.

Cole— Cole model

The relaxation model having a transfer function with the form:
1

h{w) = R 1 — m 1 —
1 + (kut)v  _

(21)

was originally proposed by Cole and Cole [1941] to describe empirically the 
spectra of various observed dielectric data. In order to present their data Cole 
and Cole chose to represent the real and imaginary parts of the measured
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Fig. 3. Relationships between the different relaxation models 

3. ábra. Összefüggések a különböző relaxációs modellek között 

Рис. 3. Соотношения разных релаксационных моделей

transfer function at each frequency, by points in the complex plane. Such plots 
now bear their name and are extensively used to display dielectric data [D aniel  
1967, H il l  etal. 1969]. The same method of presentation has been used by 
K atsu be  [1975] and Z o n g e  and W y n n  [1975] to display complex resistivity 
data. With this method of presentation a Cole—Cole relaxation appears as 
circular arc with its center either on or below the real axis of the complex plane 
( F igu re  4 ) .

An alternative method of presentation which we have tended to adopt in 
this paper, is to plot the amplitude and phase of the transfer function versus 
frequency on a double logarithmic scale. This type of plot strongly dilferentiates 
relaxations with small time constants from those with larger time constants. In 
addition, the asymptotic slopes of the phase lag provide very useful information 
on the type of relaxation and the frequency dependence of the relaxation. In this 
type of plot a Cole—Cole relaxation appears as a symmetrical phase angle
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peak whose negative and positive asymptotic slopes are both exactly equal to 
the frequency dependence, c, given in (21). The frequency at which the phase 
angle peak occurs

f p  =  2tzt(1 — m ) [ 2i ’ (22)

is inversely proportional to the time constant, t . Thus if the time constant is 
large the peak occurs at low frequency. Several phase angle plots of the 
Cole—Cole model for c = 0.25, r = l /2л and various values of the chargeability,

Fig. 4. Cole—Cole plots of three common relaxation models 

4. ábra. Három általánosan használt relaxációs modell Cole—Cole diagramja 

Рис. 4. Диаграмма Кол- Кол трех общеприменяемых релаксиционных моделей
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m, are shown in Figure 5. Increasing chargeability increases the phase angle. In 
the limit where m — 1.0, the phase angle levels off to an asymptote of ся/2. 
Almost all measured materials, however, have a chargeability less than 1.0 so 
that the phase angle plot shows at least one prominent peak.

The amplitude of the transfer function for the Cole—Cole model, when 
plotted on a double logarithmic scale, also exhibits symmetry, but in this case 
the symmetry is odd instead of even. Where the phase angle reaches a maximum, 
the amplitude has its maximum negative slope. At high frequency the amplitude 
has an asymptote of R ( l—m), whereas at low frequency the asymptote is 
simply R. In contrast, the phase angle depends only on m, r and c, and is 
completely independent of R.

Fig. 5. Phase angle curves for a typical Cole Cole model 

5. ábra. Egy jellegzetes Cole -Cole modell fázisgörbéi 

Рис. 5. Фазовая характеристика типической модели Кол- Кол

Although the Cole—Cole model was originally developed to aid in the 
analysis of dielectric phenomena, it has been found that complex resistivity 
measurements of mineralized rock in the laboratory [M a d d e n  and C a n t w e l l  
1967] and in-situ [Pelton et al. 1977] closely conform to this relaxation model. 
Attempts to simulate electrical conduction in small sections of mineralized rock 
result in equivalent circuits which tend to resemble those in Figure 2 and, 
indeed, all of these circuits have Cole—Cole relaxation behavior.
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Time domain behavior of the Cole— Cole model

Although perhaps most research into the complex resistivity of mineralized 
rocks is now being done in the frequency domain, much of the earlier research 
focussed on the IP decay, or measurements in the time domain. Since the IP 
decay was found to be slower than exponential [W ait 1959, K eller and 
F risch k necht  1966] several different mathematical formulations have been 
advanced to describe this decay, culminating in quite complex decay formulas 
appearing in the Russian literature [K omarov 1965]. Induced polarization 
measurements can be made in the time domain, but in order to determine 
accurately the true relaxational behavior, measurements must be closely spaced 
immediately after the start of the decay and must extend to large times. If 
measurements over several decades are desired, this necessitates a variable 
sampling rate. There are also additional computational difficulties introduced 
by a finite, instead of an infinite, charging time and by the finite time window 
required for each reading.

Measurements in the frequency domain, on the other hand, can be made 
reasonably easily over the eight decade range from 10“3 Hz to 10+5 Hz, and, as 
long as each measurement is made under steady state conditions, there are no 
comparable computational difficulties in the data analysis. Many such measure
ments have been made in the frequency domain and indicate that the Cole 
Cole model often fits complex resistivity data very well. The question remains, 
however, what is the form of the Cole—Cole model in the time domain?

Assuming for the moment that R = 1.0, m = 1.0, and r = 1.0, the Cole—Cole 
transfer function is

h(m) =
I

1 + (ko)'
(23)

Since h(u>) is the Fourier transform of the impulse response, /;(/), we will attempt 
an inverse Fourier transformation of

h(co) + (i(jL>yh(a>) = 1. (24)
This can be accomplished easily only if c= 1.0, in which case

H(t) + D] ■ H(t) = S(t) (25)
is the transformed equation. We have used <5(/) to denote the delta function and 
D] to denote the operation of taking the first derivative with respect to time. 
It is now trivial to solve this differential equation for the natural response or 
impulse response of the system,

H(t) = e - ‘. (26)
However, for the Cole—Cole model in general, we have 0 < c ^ l ,  thus the 
differential equation is

H(,) + D f  H(t) = 0(t)
where D\ denotes the operation of taking a fractional derivative.

(27)
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Although fractional derivatives are perhaps novel to the geophysical litera
ture, they have a long history. Some of the more prominent investigators were 
Leibniz [1695], Euler [1730], Lagrange [1772], Laplace [1812], Fourier [1822], 
Abel [1823], Liouville [1832], De Morgan [1842], Riemann [1847], Heaviside 
[1892], Bromwich [1919], Erdélyi [1939], Courant [1961], and Oldham and 
Spanier [1974]. The last reference is a complete book on the subject of fractional 
derivatives and integrals, and it documents all the earlier references as well as 
many others which we will not attempt to include here.

The only property of the operator, D‘n which we require in this paper, is 
that jk jk-c

Dc. ■--------- = ----- --------  (28)
' Д1+А) Г ( \+ к -с )  V '

where Г(х) is the gamma function and c is any real number, positive or negative 
(although we only use O c c ^ l) . Using this property and knowledge of the 
behavior of 1/Д1 + .x) we can immediately write down the solution to (27)

m  = I
^ _ J y i  + 1 ^ — 1 + nc

Г(пс)
(29)

The behavior of 1/Д1 + x) is important, in that we must know where its first 
zero occurs. As shown in Figure 6 this first zero occurs at x= — l, and is 
responsible for the fact that the first derivative of a constant is zero. That is,

£>; • t° = 0, (30)
when c= 1. In general, the derivative of a constant is

Dct ■ t°
r c

Д1 -c )
(31)

and, as shown in Figure 6, the result is equal to zero only when c is a positive 
integer.

We now readily see that
® ( -  l)"+lr  l+»<- ® ( -  l)"+1r 1 +
= 1 Г(пс) „=1 Г(пс)

(32)

In other words the operator maps each term into the next lower term 
(neglecting a sign change) except for the lowest term which becomes zero since 
1/Д0) = 0. Also, from (32) we see that (29) is the solution (within a multiplica
tive constant) of the homogeneous equation

H(t) + D\ ■ H(t) = 0 (33)
and is therefore the natural response or impulse response of the system.

To obtain the step function response we merely integrate each term in (29)

U(t) = I A(A) dX =
о

°° ( -  iy +lr  
h \  Ц 1 + nc)

(34)
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Puc. 6. Функция 1/Д1 + x)

and subtract from 1.0 to obtain the step function decay
«=, ( -  1 f t nc

V(t) = 1 — U(t) = I  У _!„ о Д 1 + nc)
We pause for a moment to inspect (35) and note that for c= 1.0

(35)

a, ( -  1 y,tn
V(t) = L  -y. , : = ?n=О Д 1 +n)

(36)

since Д1 + n) = n\ The other special case for which the series corresponds to 
commonly known functions, is c = 0.5; then

00

V(t) =  Z
n  =  0

( -  \ f t na
7(1 +n/2)

e1 erfc t]/2, (37)

where erfc .x denotes the complementary error function [A b r a m o w it z  and 
St e g u n  1972, p. 297].

The series in (35) is rapidly convergent for small t, but convergence is very 
poor for c< 1 .0  and t>2n. An approximate solution in this region for the 
particular case c = 0.25 has been obtained by M adden and Cantwell [1967] 
but the derivation is approximate, lengthy, and limited to that particular case.
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To obtain a general solution, we start again at the beginning and examine the 
Laplace transform form of (23),

Ks) = ^  • (38)1 + i ‘
For large /, frequency, and therefore s‘\ is small; therefore we might consider 
expanding (38) as follows.

h(s) = 1 — sc + s2c — ,v3r + . . . (39)
We cannot perform the inverse Laplace transform on this series conveniently 
so we divide by s to obtain the transform of the step function response

h ( s )
u{s) = ---- = s~1 — s‘~1 + s2‘~1 — s3l'~1 + . . . (40)

5
Now since

, f
L {s~^ = T T \  (41)A  a)

we might believe that, if an inverse Laplace transform for (40) exists, it is 
given by

U{t)

and therefore,

l~c ^  r 2c

Щ - с )  + A 1 — 2c)

n= I A 1 —nc)

r *
A 1 -3 A  + " ' "

CO

V{t) = In= 1
( -  1)л+1 r nc

f { l - n c )

(42)

(43)

This series does indeed converge for t>2n and we have used it along with 
(35) to construct the Cole—Cole decay curves for c = 0.125, c = 0.25, and 
c = 0.5 shown in Figure 7. The impulse response, H(t), for t>2n may be derived 
simply by taking just the first derivative of (42)

H(t) = D}U(t) =
“ ( -  1 

IX-nc)
(44)

If we now return to the general expression for the Cole—Cole model 
(21) where we have not specified R= 1.0, m= 1.0, and r=  1.0, we can use the 
scaling property of the Fourier transform and our earlier considerations of 
discontinuities produced by m, to write down the general time domain forms
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Fig. 7. Cole—Cole step function decay 
curves

7. ábra. Időtartománybeli Cole Cole 
lecsengési görbék

Рис. 7. Кривые затухания Кол--Кол 
во временном диапазоне

Н (1)
yyi оо

* 7 1Т п — 1 Г{пс)
(45)

6/(0 = л 1_1_|И £  /

œ ( - D

( - O M -J  -,

V(t) =  R m  ^  —„=i Г( 1 + пс)

for 0 < t/т ^  2л, and

m ®
Я(0 = Л -  X

(“ DM-  '

г л= 1 Д  — пс)

(46)

(47)

(48)

6/(0 = R 1 -  m £п= 1 Д - w )
(49)

ДО = Лш
00
I Г(\~пс)

-  п с

(50)

for tjx> 2л.
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For very large t, only the first term containing t is important and the step 
function response asymptotes to

U(t) ~ R 1 — m

t\-c

Д1 -c ) i
When m= 1.0, r=  1/2n and c— 1/4, (51) becomes

which compares with the

U(t) ~  R

U(t) ~  R

1 - -
1.94

i -1 /4

1- -

(51)

(52)

(53)
1.78.

obtained by M adden and Cantwell [1967] after several approximations.
An important point to note, however, is that this asymptotic behavior is 

not reached until t/т is very large. The approximation for the c* = 1/4 decay,

V(t)
Д 1 — 1/4) ’

(54)

is not within 25% until t> lOOr. Also important is the fact that thechargeability, 
m, is never exactly equal to 1.0 as assumed in the approximation by M adden 
and Cantwell [1967]. For natural earth materials, and for typical field IP 
measurements, m is usually substantially less than 1.0.

The final, and perhaps most important point, is that the IP step function 
response is extremely long and drawn out. In-situ studies of mineralized rocks 
[Pelton et al. 1976] indicate that the response closely approximates a Cole— 
Cole relaxation with c— 1/4 and г ranging from microseconds to hundreds of 
seconds. It is apparent from Figure 7 that for t < z/2 the IP response reaches less 
than 1/2 its true step function value. Thus the typical 2 second switching times 
used in conventional time domain IP measurements may result in decay curves 
which bear little resemblance to the true step function decay, particularly for 
rocks which have a long time constant. The effects of switching may be readily 
calculated by adding and subtracting the step function responses due to the 
positive and negative steps comprising the waveform. For an infinite series of 
steps, convergence can be hastened by averaging the result due to a positive 
starting step with that of a negative starting step.

The prominent deviations from the true step function decay response 
(calculated from a Cole—Cole model with c = 0.5) caused by the sequential 
switching or 50% duty cycle used in conventional time domain IP measurements 
are illustrated in Figure 8/a. Not only is the shape of decay curve distorted, but 
the observed chargeability,
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Fig. 8. Warburg model decay curves corrected for 
a) sequential switching; b) alternate switching

8. ábra. A Warburg-modell lecsengési görbéi 
a) a szokásos GP jelalakra korrigálva; b) pólusváltásos jelalakra korrigálva

Puc. 8. Кривые затухания модели Варбург
а) Для обыкновенной формы сигнала ВП после исправления; Ь) Для формы сигнала 

с переменой полюса после исправления

V
'«Obs = тг (observed), (55)

* P
is much less than the true chargeability of the material, particularly when the 
ratio of the time constant to the pulse length is large (Figure 9).

This reduction in the observed chargeability, although still appreciable, is 
substantially less for alternate switching or 100% duty cycle (Figure 8/b) as 
opposed to sequential switching. Also, since the switching is from positive 
directly to negative instead of positive to off, the primary voltage Vp is twice as 
large. As a result, the observed secondary voltage can be four times as large for 
alternate switching as for sequential switching. This combined with the fact that 
twice as many waveforms are measured in the same time period, presents a
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Fig. 9. Decrease in observed chargeability as a function of time constant 

9. ábra. A mérhető tölthetőség csökkenése az időállandó függvényében 

Pia-. 9. Убывание измеряемой зарядимости в зависимости от постоянной времени

persuasive argument for using a 100% duty cycle. The main reason for use of 
a 50% duty cycle in the past, is that it is difficult to control precisely the 
transmitter waveform, thus measurements while the transmitter was always on 
(100% duty cycle) were often more inaccurate due to this additional source of 
noise.

Cole— Davidson model

The next member of the Cole—Cole family of models which we will 
discuss was proposed by D a v id so n  and C o le  [1951] after a study of the 
dielectric properties of glycerine. They found that the imaginary versus real plot 
of K(oj) was not circular, but skewed as shown in Figure 4, and that the complex 
dielectric constant more closely fitted the model.

h(m) = R — m
1

( 1 + кот)“ (56)

where 0 < a ^  1.
A special case of this same relaxation model was discussed by V an  V o o r h is  

et al. [1973] in their analysis of in-situ complex resistivity data obtained over 
porphyry copper mineralization. When the chargeability, m, is equal to 1.0, (56) 
takes the form,

h(<>>) =
R

( 1 + ion)“ '
which they have called the Drake model.

(57)
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Time domain behavior of the Cole—Davidson model

Several difficulties become more obvious if the Drake model is used to 
describe IP behavior in the time domain. Since m = 1.0, it suggests that there is 
no discontinuity in the IP decay and that V,= Vp. This does not agree with most 
time domain observations of the IP phenomena [Keller and Frischknecht 
1966, Komarov 1965, Sauck and Sumner 1967].

In addition, the low frequency and high frequency phase angle asymptotic 
slopes (on a double logarithmic plot) are + 1 and —a, respectively. Thus we 
might expect that the Cole—Davidson decay will have behavior similar to 
that of a Cole—Cole model with frequency dependence c = a for small t and 
c= 1.0 for large t. In other words, we might expect the Cole—Davidson de
cay to be approximately that of a negative exponential for large times. Again, 
this prediction is not in agreement with the majority of the time domain 
observations.

To solve for the behavior of the Cole—Davidson model in the time do
main we assume for the moment that /?=1.0, m=1.0 and r=1.0; then the 
Laplace transform form of the transfer function given in (56) is

h(s) =
1

(1 +x)ű
(58)

and the inverse Laplace transform or impulse response of the system obtained 
from tables [Korn and Korn 1968, p. 917] is

m  =
f  ]e '
nő) (59)

We now integrate to find that the step function response

U(t) = V - 'e - 1 dk
A  a) о

V(a, t)
Ца) (60)

is expressed quite simply in terms of the incomplete gamma function, y(a, t). 
This expression may be evaluated from tables of the chi-square probability 
function, P(x21 v), since

= (6,)
A  a)

[Abramowitz and Stegun 1972, p. 914] or we can use the series expansion for 
y(a, t) [Abramowitz and Stegun 1972, p. 262—263] to obtain

U{t) = e -  X
л = 0

fa + n

Г(а + n + 1 ) (62)
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and, for large t,

U(t) ~  1 -

From (62) we see that

C 'e 
Г{а)

1 , « 1 д (</ 1)(û-2 )  
/ t2

F(f) ~  1
ta

Ца+  1)
as t—>0 and from (63) we see that

F(0
F ‘e '

Д а)

(63)

(64)

(65)

is dominated by negative exponential behavior as t->oo. Thus we were quite 
correct in our original expectation that for small t the Cole—Davidson decay 
would be similar to that of a Cole—Cole decay with frequency dependence, 
a, and that for large t the decay would be similar to that of a Cole—Cole 
model with c= 1.0 (i.e. a negative exponential decay).

As a final note we may discard our original assumption that R ~  1.0, 
m= 1.0, and z — 1.0, to obtain the general time domain forms for Я(/), U(t) and 
V(t). This merely involves substitution of t/z for t, incorporation of appropriate 
discontinuities introduced by the chargeability, and multiplication by /?, after 
the same procedure used to obtain the general time domain forms for the 
Cole—Cole model.

Relationships within the Cole— Cole family

The reason that we have grouped the Cole—Cole and Cole- Davidson 
models together into one family is that there is one general model,

h(a>) = R 1 — m\ 1 —
1

( 1 +  (icozY)“
( 66)

which includes both of the above as a special case. For lack of a better name, 
we call this model the generalized Cole—Cole relaxation. The model is asym
metric when displayed on a Cole—Cole plot or when presented as amplitude 
and phase on a double logarithmic frequency plot. Since the low and high 
frequency phase angle asymptotic slopes are +c and ~ac, respectively, we 
expect that for large t the step function decay for this model will be similar to 
that of a Cole—Cole model with frequency dependence, c, and that for small 
t the decay will be similar to that of a Cole—Cole model with frequency 
dependence, ac.

We may determine expressions for the time domain response of the 
generalized Cole—Cole model (when R = 1.0, m= 1.0, and z= 1.0) by apply
ing the binomial expansion to

h(s) =  (1 + s c) " (67)
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for small 5 (large t), and to
h(s) = s~c\ l  +.Í“') -0

for large s (small t). The resulting decay expressions are
® ( - 1  )'T(a + n)tcia+n)

V(t) = i - I

for small t, and
,,=o Д а )Д 1 + и)Д 1 + са + си)

со ( -  1)л+|Д я  + и)Г
д о  = 1„= 1 Д  а) Д 1 + и) Д 1 -  пс)

( 68)

(69)

(70)

for large t.
As illustrated in Figure 3, the generalized Cole—Cole model becomes 

the Cole—Davidson model when c = l and becomes the Cole—Cole model 
when a= 1. We have already mentioned that the Drake model is the special case 
of the Cole Davidson model when w= l .  In addition, we have singled out 
three special cases of the Cole—Cole model. The case, c = 0.25, we have cal
led the Madden—Cantwell model after the investigations of M a d d e n  and 
C a n t w e l l  [1967]. The case c = 0.5 we have called the Warburg model after the 
(/to)“1/2 behavior of the Warburg impedance. And finally, the case c=1.0 
corresponds to the common Debye dielectric relaxation. The Debye model 
further reduces to the relaxation of a simple two-component RC circuit if m= 1. 
Likewise, the Drake model reduces to the RC circuit if a = l .  The ultimate 
simplification comes about as the time constant, r, of the RC circuit goes to zero. 
The transfer function, /г(со), is then just a simple constant, R.

darum family of models

Another, quite different approach, was used by G la r u m  [1960] to obtain 
a general model which results in Cole—Cole and Cole—Davidson relaxa
tions as special cases. The defect diffusion model he proposed results in a 
distribution function,

A{k) =
kz

7i(kr — b)'l2(kz —b+ 1) (71)

Since the distribution function A(k) is just the inverse Laplace transform 
of the impulse response [Sh u ey  an J o h n so n  1973], we need to transform (71) 
once to get H(t) and then once again to get h(s). Finally, we substitute ico for 
X and allow for arbitrary R and m to obtain the frequency domain response

/;(co) =  R 1 — m \  1
(b + icoz)'12 + b

(b + /cor)1/2 + b + icoz/ _ (72)
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We now see that for b = 0 (72) becomes the Cole—Cole model with 
c = 0.5 and that for b= 1 (72) becomes the Cole—Davidson model with 
ö = 0.5.

The same comparison may be made by first obtaining A(k) for the 
Cole—Cole and Cole—Davidson models. To accomplish this we could in
verse Laplace transform h(s) to obtain H(t) and then attempt to inverse Laplace 
transform H(t) to obtain A(k). However, the series forms we obtained for the 
Cole—Cole and Cole—Davidson impulse responses are not particularly 
simple expressions to inverse transform. An alternative method for obtaining 
A(k) from h(to) is described by S h u ey  and J o h n so n  [1973]. For our definition 
of the Fourier transform (Shuey and Johnson use the less common + i trans
form), A(k) is given by

A(k) = -  Im[A(-fc)]. (73)71
In other words, we simply substitute —k for ito in h(w) and take l /л times 

the imaginary part. Proceeding in this manner, we obtain

A(k)
mR

1
-  sin n c

_____ Л___________
(кт)~c + 2 cos nc + (кт)с

for the Cole—Cole model, and

(74)

1 ... . ,  -  sin naA(k) _ л
mR (кг — l)ű

(75)

for the Cole—Davidson model.
Again we see that specifying b = 0 in (71) results in a Cole—Cole model 

with c = 0.5, and that choosing b= 1 results in a Cole—Davidson model with 
a = 0.5. This relationship among the distribution functions for the Cole— 
Cole, Cole—Davidson and darum  models is perhaps more clearly illus
trated in Figure 10, where we have plotted the various A(k)/mR on a double 
logarithmic scale. In this plot the Cole—Cole distribution is symmetric about 
its center at к = l /т. Since a single Debye relaxation (corresponding to e~'/r decay 
in the time domain) would be represented on this plot by a delta function at 
к = l /т, we see that an alternate way of envisioning the Cole—Cole model is 
as a continuous distribution of Debye relaxations with varying time constants 
centered (on a logarithmic plot) at к = 1 /т. Thus the parameter, t, which we have 
constantly used in referring to the Cole—Cole model takes on additional 
significance. It refers to the main relaxation time, when the Cole—Cole 
model is considered as a sum of Debye relaxations.

Similarly, we note that A(k) is directly proportional to the chargeability 
parameter, m. Varying the magnitude of m does not change the shape of A(k)
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(on a double logarithmic scale) it merely shifts the curve up or down, appro
priately increasing or decreasing the contribution from all Debye components 
in unison. Thus we see that there was good reason for the original choice of m 
as a fundamental parameter describing the magnitude of the IP effect [Seig el  
1959, K eller  and F r is c h k n e c h t  1966].

Fig. 10. Plots of the distribution 
function, A(k). for the Glarum model

10. ábra. A Glarum-modell .4(A) 
eloszlásfüggvénye

Рис. 10. Функция распределения 
.4(A) для модели Гларум

The third parameter, с, of the Cole—Cole distribution, also plays an 
important role; it varies the width of the symmetric distribution. Low values of 
c characterize a very broad distribution, whereas high values characterize a 
sharp, peaked distribution. In the limit c— 1, the distribution is a delta function.

The Cole—Davidson distribution function is not symmetric. It has a 
singularity at к = l /т and is zero for к < 1 /г. For large к (high frequency or short 
time) A(k) has the same asymptotic behavior as that of the Cole—Cole 
model, ,

A(k) n *mna  
mR (kr)a

(76)

when c = a. This provides one additional route for arriving at our earlier 
conclusion that the time domain behavior for the Cole—Cole and Cole—Da
vidson models was the same for small t. Also, since A{k) is zero for к < 1 /т we 
might expect Debye (or negative exponential) behavior in the time domain for 
large t, as again, we previously found.
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The distribution function for the Glarum model, as we have seen in Fi
gure 10, interpolates between that of a Cole—Cole distribution with c = 0.5 
and a Cole—Davidson distribution with a = 0.5. Since A(k) is zero for kr<b, 
one way of viewing a Glarum distribution with b< 1, is as basically a Cole 
Cole distribution which lacks relaxations having decay times longer than т/Ь. 
When b= 1 the Glarum distribution is exactly the same as that of a Cole— 
Davidson distribution with a = 0.5. However, we can also have b> 1. As b 
increases in magnitude the distribution becomes more sharply peaked and 
eventually tends to that of a Debye (delta function) distribution with a single 
relaxation time of т/6.

Actually, this latter transition, between the Cole—Davidson distribution 
with я = 0.5 and the Debye distribution (a = 1.0) was the feature of the mode! 
of most interest to G la r u m  [1960]. As long as one ignores both the extreme high 
frequency and low frequency behavior, it is possible to vary b so that the Glarum 
model behaves as an approximate Cole—Davidson model with arbitrary

hU2

However, this relationship is exact only for b— 1 and b$> 1.
If we truly wish to have the Cole—Davidson model with arbitrary a as 

a special case of a more general model, we must modify (71) so that the 
distribution function becomes

A(k) ■ Sin 71C
(78)mR (kr~  6)‘[1 +(1 — b)(kr) 2<(1 + 2(Ar)‘ cos nc)\

Then, indeed, we see that (78) is equal to (74) when b = 0, and equal to (75) when 
b= 1. The h(a>) for this generalized Glarum model is simply

(b + /cur)' + b
h(a>) = — m I 1 —

(b + ion)1' + (b + ian)2c j 

and the impulse response (when R = 1.0, m = 1.0, and r=  1.0) is

H(t)
Г(с)

+ (1 -6 ) X (■ 1 )/J + I J - 1 + nc

Г(пс) .

(79)

(80)

Zonge family of models

The last group of relaxation models which we will attempt to discuss arises 
quite naturally from considering the impedance of transmission lines or infinite 
series of electrical components. One attempt to simulate the IP relaxation with 
a long series of resistors and capacitors is described by D o l a n  [1967]. Another
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approach by Br a c e w e l l  [1965] demonstrates that analysis of the impedance of 
an infinite resistive—capacitive line (Figure 11 (a) results in the diffusion 
equation and consequent Warburg impedance behavior.

(a)
о— V ^ ^ / w y V V N A ^ W V ^ ^ W V ^

. T f T T T_ o o

(b)

r Г Г Г Г

o - y V V -j— УУД>-|-^УУ У — /  W V y -ЛЛ /У -

T ^ w T w ^ )  ‘j  I w J ^ v v -№ Nr Nr Nr
0  < N < 1

Fig. 11. Resistive capacitive lines which produce 
a) Warburg impedance response; b) Zonge model response

11. ábra. R C vonalak
a) Warburg impedanciának megfelelő válaszfüggvénnyel; b) Zonge modellnek megfelelő

válaszfüggvénnyel

Рис. 11. Линии R С, которые дают ответ, соответствующий 
а) импедансу Варбург; Ь) модели Зонг

The main relaxation model we will discuss here, however, arises from the 
impedance analysis by Z o n g e  [1972] of the transmission line shown in Figure 
11(b. The impedance he obtains for this line has the form.

where

li(co) = R 1 ~m
tanh (A

0 ) }  '

R = //(0).

(81)

and

in
1

l + N '

0
I :

In an attempt to simulate the IP behavior of mineralized rocks he suggests that 
the capacitances in Figure 11/b be replaced by Warburg elements with im
pedance.

Z(a>) = (icoX)-'\ (82)
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The resulting transfer function for 0</ »< 1 has low and high frequency 
phase angle asymptotic slopes (on a double logarithmic plot) of 1/2 and -  1/4 
respectively.

If we allow the elements to have arbitrary frequency dependence, c, then 
the expression for the impedance becomes

where

h(io) = R 1 — m
tanh (;cvr)' 3\

(iojzy2 J _ (84)

r = (85)

A main characteristic of this general model is that the phase angle curves, 
on a double logarithmic frequency plot, are asymmetric and that the high 
frequency asymptotic slope is always — 1/2 times the low frequency asymptotic 
slope.

In the time domain we would expect the generalized Zonge model to behave 
as a Cole—Cole model with frequency dependence, c, for large t, and as a 
Cole—Cole model with frequency dependence, c,/2 for small t. The actual 
time domain expression for the generalized Zonge model (when R = 1.0, m = 1.0, 
and r = 1.0) may be obtained from

u(s) =
tanh sc

(85)

by using the series expansion for the hyperbolic tangent [Abramowitz and 
Stegun 1972, p. 85], and inverse transforming term by term. We obtain, for 
small t,

[ / ( , ) = »  22"(22"—1 )В2пГ 2(п~')с
»-1 Г(1 + 2 и )Д 1 -2 (и - l)c) ’

(87)

where Bk is the k'h Bernoulli number [Abramowitz and Stegun 1972, p. 810].

6. Discussion of the forward problem

We now conclude our consideration of the forward problem formulation 
for electrical relaxation in rocks. We have perhaps accomplished the first three 
of the five main objectives of this paper, namely 1) to summarize the essential 
features of mathematical models which may be considered appropriate for 
complex resistivity and dielectric relaxation, 2) to examine both the frequency 
domain and time domain behavior of various proposed models, and 3) to 
investigate the relationships between the models. The list of relaxation models 
we have considered is by no means exhaustive, but we have dealt with many of 
the proposed models which have relatively simple behavior in the frequency and
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time domains. In addition, we have generalized three of the models so that they 
have flexibility to describe a wide range of relaxational behavior.

As shown in Figure 3 all three generalized models are related to the simple 
Cole—Cole model, and may be distinguished from the Cole—Cole model 
only by asymmetry in the phase angle peak. As we will attempt to show in the 
second part of this paper, it is difficult enough, even with measurements over 
eight decades of frequency, to determine confidently the fundamental par
ameters characterizing the location, width and magnitude of the peak, let alone 
any additional parameters describing slight asymmetry in the peak. These slight 
differences are difficult to detect mainly because many observed spectra have 
additional relaxations occurring at higher or lower frequency which obscure at 
least one of the phase angle asymptotes. As a result, it is usually not feasible 
to resolve models much more complex than the Cole—Cole model, and thus 
the Cole—Cole model, by default, is very often used to describe complex 
resistivity and dielectric data.

For ease of reference in the latter part of this paper, we have summarized 
and numbered in Table 1 the relaxation models that we have discussed. As well 
as providing the formula for h(a>) in the table we have also given the phase angle 
asymptotic slopes. When compared with those of the appropriate Cole- 
Cole model these slopes predict the asymptotic time domain behavior of the 
models. More accurate comparison of time domain data with theoretical relax
ation models requires consideration of the transmitter switching history and 
compensation for effects introduced by the finite time window used in sampling 
the receiver voltage.
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SIMPLE RELAXATION MODELS

NO NAME h(uj)

Table /

LOG Ф 
ASYMPTOTIC 

SLOPES

со—*0 C O -» O Q

Simple Resistance

RC Circuit
I

1 f  ion _

Drake l+i

Debye I - m  1
1

I + ICO r.

Warburg R I ~ m \  I
I +  (/сот),/2Л

1/2 1/2

Madden
Cantwell I -  m\ I I

+ (/cot)
1/4 1/4

Zonge 1 1 - tanh(icor)
(icor)l/4 1/2 -1 /4

Generalized
Zonge I -  m I I - tanh(i'coT)"2

(/w r)"2 -c/2

Cole Cole 1-/И I
1

1 +  ( /C O T ) “

Cole Davidson I m ( 1 1
( I + /сот)"

10 Generalized 
Cole -Cole

I
( I + (z'cot) T /  J

II Glarum 1 — m 1 — (/> +  /сот)

(Л +  /сот)

r)'/2 + fr
2 +  b +  /сот/J

- 1/2

12 Generalized
Glarum m 1- (b + iw xf + b 

(b  +  /сот)1 +  (/> +  /сот)2

/. táblázat. Egyszerű relaxációs modellek 

Таблица I. Простые релаксационные модели
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KOMPLEX ELLENÁLLÁS- ÉS DIELEKTROMOS ADATOK 
ÉRTELMEZÉSE — I. RÉSZ

W. H. PELTON. W. R. SILL. B. D. SMITH

A dielektromos spektrumok és a komplex ellenállás spektrumok között szoros kapcsolatot 
teremt az általános relaxációs elmélet. A gerjesztett polarizáció vagy a dielektromos jelenség 
leírására javasolt sok egyszerű modellt három relaxációs „családba" lehet osztani. A legáltaláno
sabb relaxációs modellek közül néhánynak megvizsgáltuk a viselkedését a frekvencia, idő és eloszlá
si függvény tartományban.

A modellek csoportokba rendezésének és a különböző modellek közti összefüggések vizsgála
tának eredményeképp három általánosított kifejezéshez jutottunk, amelyek a relaxációs viselkedés 
igen széles tartományát írják le. Gyakran azonban nem lehet az általánosabb modell valamennyi 
paraméterét meghatározni a mért adatokból. Leghasználhatóbbnak az egyszerű Cole—Cole mo
dellt találtuk, amely egy szimmetrikus csúcsot ad, ha a fázis logaritmusát ábrázoljuk a frekvencia 
logaritmusának függvényében, vagy pedig egy szimmetrikus „púpot", ha az átviteli függvény valós 
részét ábrázoljuk a képzetes rész függvényében.

ИНТЕРПРЕТАЦИЯ ДАННЫХ О КОМПЛЕКСНЫХ СПЕКТРАХ 
СОПРОТИВЛЕНИЯ И ДИЭЛЕКТРИЧЕСКИХ СПЕКТРАХ

ЧАСТЬ I
В. Г. ПЕЛТОН. В. Р. СИЛ, Б. Д. СМИТ

Теория общей релаксации создает тесную связь между диэлектрическими спектрами 
и комплексными спектрами сопротивления. Много простых моделей, предлагаемых для 
описания вызванной поляризации или диэлектрического явления, могут быть разделены на 
три «семейства» релаксации. Из наиболее общих моделей релаксации поведение некоторых 
было изучено в диапазонах частоты, времени и функции распределения.

В результате организации моделей в группах и изучения отношений между разными 
моделями были получены три обобщенных выражения, которые описывают очень широкий 
диапазон релаксационного поведения. По замеренным данным, однако, часто нельзя опреде
лять все параметры общей модели. Самой полезной нашлась простая модель Кол-Кол, 
которая дает симметричный пик. если логарифм фазы изображается в зависимости от 
логарифма частоты, или симметричных «горбик», если истинная часть функции передачи 
изображается в зависимости от мнимой части.


