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GENERAL THEOREM ON MEAN WAVE ATTENUATION

Gábor KORVIN*
In 1980 Aki conclusively demonstrated that the quality factor Q for shear waves in the crust 

and upper mantle increases with frequency over the range 1-25 Hz, in contradistinction to earlier 
assumptions and theories on the constancy of Q. The aim of the present paper is to show that this 
phenomenon can be explained within the framework of the mean field concept of random wave 
propagation theory. A general asymptotic formula is derived for the high-frequency behaviour of 
the mean field attenuation coefficient and, as an application of this general formula, it is shown that 
for plausible models of the random velocity fluctuation the mean field approximation provides a 
frequency-dependence of Q that is compatible with Aki’s data.

d: wave propagation, attenuation, models, velocity fluctuation

1. Introduction and problem discussion

The constancy of Q over a broad frequency range has been widely accepted 
by seismologists since Knopoff’s [1964] important review on the subject. In 
exploration seismology Attewell-R amana [1966] also compiled a large num
ber of published data proving a nearly linear frequency-dependence of the 
coefficient of absorption. (The definitions of the quality factor Q, absorption 
coefficient a and of other measures of attenuation are summarized in 
Bradley-F ort [1966]. The quality factor Q and a are connected by Eq. (34) 
of the present paper.) In the last decade, however, several papers have been 
published reporting evidence on or assumptions about a possible frequency- 
dependence of Q [in seismology Tsai-A ki 1969, Solomon 1972, N ur 1971, 
Lee-S olomon 1978, etc.; in exploration seismology Bodoky et al. 1971, 
Crowe-A lhilali 1975, Petrovics et al. 1975; in rock physics 
Auberger-R inehart 1961, Militzer-S toll 1968, Militzer-S chön 1972].

A recent paper of A ki [1980] has gained considerable attention. This paper, 
based on an analysis of the filtered records of some 900 earthquakes occurring 
in the region of central Japan with focal depths to 150 km, and on some earlier 
findings of Fedotov-B oldyrev [1969] and Rautian-K halturin [1978], con
clusively demonstrates that Q for the shear waves in the crust and upper mantle 
increases with frequency over the range 1-25 Hz, at least in the areas studied. 
Since the publication of A ki’s paper several works have been devoted to 
explaining these findings and to revising the existing absorption—scattering 
theories [Aki 1981; Kikuchi 1981; D ainty 1981; Sato 1982a, 1982b; Wu 1982]. 
Following an approach of Warren [1972], D ainty [1981] fitted Aki’s Q [o>] data 
between 1 and 30 Hz by
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Q(co) ß, + w (1)

with Qj being the intrinsic Q [Q, = 2000], v the shear wave velocity [assumed 
to be 3.5 km/sec], g0 = 0.01 km 1 for the observations in Japan and g0 = 
= 0.005 km-1 for Central Asia.

The original data of A ki [1980] are reproduced in Fig. 1. The frequency 
dependence of ß ~ ‘ is similar to that obtained by a simple relaxation model, with 
the peak around 0.5 Hz. The descending flank of the curve for frequencies higher 
than 0.75 Hz is fitted by A ki [1980] by a Q~l = const -/~ 06 law, as against 
D ainty’s Eq. (1).

Q-’

In his 1980-paper Aki analysed a number of absorption mechanisms and 
has found that most of them are not compatible with his earthquake data. In 
view of this he ruled out the frictional energy dissipation on sliding crack 
surfaces, the viscous damping due to liquids in cracks, the dislocation glide, etc., 
and he found the thermoelastic effect or scattering due to inclusions and cracks 
to be the most viable models.

A possible explanation of Aki’s findings is provided in a recent paper of 
Wu [1982], who tries to explain the frequency-dependence of ß ~ ‘ by a simplified 
multiple-scattering approach. Wu begins his paper with a criticism of the single 
scattering theories and of the mean field concept. First, he even queries the 
physical reality of the concept of “mean fields” in random wave propagation 
theory and claims that the “attenuation of the mean field is in fact only a 
statistical effect that measures the rate of randomization for waves passing 
through a random medium” and “the usual comparison between the measured 
attenuation of amplitude and the calculated mean field attenuations cannot 
produce meaningful results”. Wu bases this assumption on his Fig. 3 which
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suggests that the mean field formalism would result in a Q 1 (f) function 
infinitely increasing with frequency, in obvious contradiction to Aki’s data. (See 
also Sato 1982a, 1982b.)

For low frequencies the agreement of the mean field formulation with 
conventional scattering theory has already been shown, in a particular case, in 
Korvin [1980]. In the present paper we shall derive a general asymptotic 
formula for the high-frequency behaviour of the mean field attenuation coef
ficient and we shall show that, for appropriate models of the random velocity 
fluctuation, the mean field approximation could also provide a frequency- 
dependence of Q -' that is compatible with A ki’s data.

2. General theorem on the asymptotic behaviour 
of the mean wave attenuation coefficient

Suppose an elastic wave и is propagating in a medium with the random 
velocity distribution

c(x) = Cq + as(x) + he2(x) + 0(e3) (2)

where, letting square brackets denote expectations and using the terminology 
of Tatarski [1967], e(x) is a homogeneous isotropic random field with 
<г(х)>= 0,<£2(x)> = e2. If we introduce the average wave number k0 = co/c0 
the wave equation

Ли + ~ти = 0 (3)

can be developed in series in terms of powers of e(x):

Лu(x) + k 20 [1 + yte(x) + y2e2(x)] m(x ) = 0 (4)

where terms of O (£3) had been omitted.
In terms of the coefficients a and b of Eq. (2) the constants y1 and y2 can 

be expressed as

7i = -
2 a
c0

2b
co (5)

It should be noted that for the most conventional random wave propagation 
problems the general expression (2) of the velocity distribution assumes one of 
the following forms:

сг(х) = c0(x) + £(x) (6a)
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c2(\) = c0(x)[l + e(x)] = C0(x) + c0(x)e(x) (6b)

c3(x) = = c0(x) -  c0(x)e(x) + c0(x)£2(x) + 0(c3) (6c)

The form (6c) is widely used in the perturbation solution of the random wave 
equation [Keller 1964, Karal-K eller 1964]; propagation problems in tur
bulent atmospheres [Tatarski 1967] are generally solved on the basis of model 
(6b); for seismic problems expression (6a) seems to be the most appropriate 
[Kats et al. 1969, Korvin 1973]. Since, by introducing a new variable e' = e/c0 
model (6a) can be reduced to (6b), the case (6a) should not be dealt with 
separately.
Matching Eqs. (6b, 6c), in turn, with the general expression (2), the coefficients 
a, b become

a(x) = c0(x) b(x) = 0 (7b)

a(x) = -  Cq ( x )  b(x) = c0(x) (7c)

that is, by Eq. (5), the coefficients yr and y2 of the wave equation (4) become 
for the respective velocity models (6b), (6c):

Ti= 2 y2 = 3 (8b)

71=+2 y2 = 1 (8c)

Let us introduce the normalized random variable

u(x) _  e(x) _  £(x) 
^ ’ < £ 2(x )> 1/2 £ (9)

and denote by N(r) the autocorrelation function of fi(x):

<//(x)//(x')>= N(r), r = |x - x ' | (10)

If we expect a planar wave solution to Eq. (4) as

< m(x ) > =  Ae'kx (H)

for the mean field <и(х)> it can be shown by a slight generalization [Korvin 
1977] of Keller’s stochastic perturbation method [Keller 1964, Karal-  
Keller 1964] that the effective wave number к  satisfies a dispersion relation

к2 =  к 1 +  e2y2ko + e2 ~r-y\ /  eik°r sin krN(r) drK Q
( 12)
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For low frequencies the dispersion relation (12) can be solved by the method 
of successive approximations:

*  1 +e2y2 + £2̂ o7i /  e'k°r sin k0rN(r) dr = 
ко о

= 1 +e2y2 + e2k0yi 4 / (1  ~ e2ik°r)N(r) dr (13)

from where the effective absorption coefficient, i.e. the imaginary part of the 
effective wave number, becomes

2 2 00
a = k %f ( l — cos 2k0r)N(r) dr (14)

4 о

For exponential autocorrelation functions Eq. (14) provides the well-known 
Rayleigh scattering on the small-scale inhomogeneities [Karal-K eller 1964, 
Korvin 1977].

In what follows we shall show that the successive approximation solution 
to Eq. (12) cannot be justified for higher frequencies, that is — in contradistinc
tion to the statement of Sato [1982 a, b] and Wu [1982] — the mean field 
approximation does not imply a scattering that would infinitely increase with 
frequency.

Indeed, if we write Eq. (13) as

j 2 = 1 + £2y2 + £2k0yl I  f  N(r) dr -  e2k0y\ |  /  e2ik°rN(r) dr (15)

the second integral on the r.h.s. of Eq. (15) behaves, by Riemann’s lemma, 
asymptotically as

f  e2ik°rN(r) dr = О if k0-+oo (16)

that is, if
00

/  N(r) dr Ф 0 (17)
о

the successive approximation would imply

k2~j~2 —» CO if k0 K0 00 (18)
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that would contradict the principle of causality [cf. A zimi et al. 1968, Claer- 
bout 1976]. This contradiction shows that for k0 > 1 the dispersion relation (12) 
should be solved more accurately.

The solution of Eq. (12) for k0> 1 will be sought for in the form

where /c^o) and к2(к0) are real functions of the average wave number and, by 
the principle of causality, we assume that

lim = 0 (20)k0->co K0

Since in the high-frequency approximation the inhomogeneities e(x) satisfying 
Eq. (2) always reduce the effective propagation speed [see Korvin 1973], we also 
have

i(&o)=l for k 0 $> 1 (21)

The integral on the r.h.s. of Eq. (12) can be written as
CO

/(k \ ,k 2) = /  e'*°r sin krN(r) dr =
1 OO 1 00 (22)

= f e<(*+*o)'7V(r) dr — y. J  ei(k~k°)rN(r) dr

where, because of Eq. (21),

Re(k +  k0) >  0, R e ( k - k 0) ^  0 (23)

For the determination of the asymptotic behaviour of the integrals figuring in 
Eq. (22) we shall make use of the following general theorem [see Erdélyi 1956, 
p. 47]:

If 0{t) is N  times continuously differentiable for a ^ t ^ b  then
b .

Je ,x,0(t)d t = Вц(х) —A N(x) +o(x~N) as x->oo (24)
a 1

where N_,
An(x) = I  in~ хФ(п\а)х~п~ 1e“e

л=0

в ^ х )  = I  г'-'Ф("\ь)х~л~хехЬ
л = 0

0W = dn0 /d f.and
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The result remains true when a = —co(or b = со) provided that <P(n)(t)-*0 as
t-* — oo {or t —> со) for each n = 0, 1, . . N — 1, and provided further that d>{n)(t) 
is integrable over (a, b).

Equation (24) can readily be derived by repeated partial integrations, the 
remainder term is obtained by Riemann’s lemma.

By Eq. (24) the integral expression (22) becomes, with an accuracy of 
о (k0~2) and by taking into account that N(0)= 1 (cf. Eqs. 9 and 10):

I  (* i, ko) 2 î { г (*„*+ к) ( '  Ц к [ +  * ) )  +

+ í(Á:01- Á : ) ( 1 _ ^ ^ ) }  + O ( á )  =

= - Ц ____ I____ ______I____ \+о(±Л2 \  -  N' ( + 0) -  ik0 -  ik -  N' (+ 0) -  ik0 + ik j  \ Ц  )  

that is, from Eq. (12):

к2 = k20 + e2y2

* [ - Л Г ( + 0 ) - * о ~ *  - ^ (  + 0 ) - Л о + л ]  +0(е2) (25)

If N' ( + 0) Ф 0 then, for sufficiently large values of

kJ\N ' ( + 0)| (if к0/\ЬГ ( + 0)| 1/e)

the solution of Eq. (25) becomes

к = k0 (l+ ô 1<e2>'l2 + ô2<e2> - ^ N ' ( + 0) + O(e2)) (26a)

where the coefficients <5, are related to the yt—s (of Eqs. 4, 5, 8) by

^  (26b)

S2 = { ^ - V 2j  (26c)

Ó3 = 1 (26d)
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Equation (26a) shows that, if N' ( + 0) Ф 0, for high frequencies the imaginary 
part of k, that is the effective mean field attenuation coefficient, tends to a 
frequency-independent constant value

Since, because of the Cauchy-Schwartz inequality N  (r) < N  (0) for г Ф 0, the 
absorption coefficient given by Eq. (27) is always positive. Also, observe that 
the high-frequency mean wave absorption coefficient is independent of e and of 
the coefficients y1 and y2, that is of the actual strength of the inhomogeneities, 
and it only depends on the local geometry of their distribution, expressed by 
N '( + 0).

In the particular case of the velocity distribution (6c), and for the cor
relation function N (r) = exp (~r/a), Eq. (27) reduces to a (k0) = ^  (if
ak0X e 2>~1/2) previously derived by Karal-K eller [1964, Eq. 31].
If N'( + 0) = 0, the mean wave absorption coefficient tends to zero at least as fast 
as O(\/k0). It should be noted that the essential difference between the attenuat
ing properties of random media for which N'( + 0) Ф 0 and N'( + 0) = 0, respec
tively, has also been observed — in another context — in a discussion between 
Armstrong and the present author in 1981 [Korvin 1981]. 3

3. Application of the general theorem to Aki’s shear wave absorption data

On the basis of the general result of Eq. (27) a possible explanation for 
Aki’s [1980] shear wave absorption data could be provided by the following 
random velocity model: Suppose the shear wave velocities c(x) are distributed 
in the regions studied as

where the fluctuating part of the velocity is composed of a “slowly” varying part 
£i(x) of relatively larger scatter and of a “rapidly” varying part e2(x) of smaller 
scatter; suppose, further, that both £j and e2 are of zero expectance, that ег and 
£2 are independent, and that both fluctuations have a depth dependence that is 
basically Poisson in character [as suggested, e.g., in Kats et al. 1969, Tucholke 
1980]:

a (*0)-> -  \  N' ( + 0) if í ^ f e ö j p co (27)

(28)

£(X) =  £ j ( x ) +  £2(x ) 

< £ ! ( x ) > = < £ 2( x )>  =  0  

<£?(x)>= fif < £2(x ) >  =  £2

(29a)
(29b)
(29c)
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<e1(x)e2(x')> =  0 for all X, x' (29d)
<e1(x)e1(x') >= ej exp (~г/гг) (29e)
<e2(x)e2(x') > = e22 exp ( -  rjr2) (29f)

el>ej (29g)
гг>г2 (29h)

where in Eqs. (29e and f) r = |x - x ' | .  From Eqs. (9, 10, 29a—f) we have

N{r) = ^ r sJ [ef e r/r‘ + efe -^ ] (30)

For low frequencies, by Eqs. (28), (7b), (8b), (14), (29a, b, c) and (30), we have

« = тИ еМ  + Ф -!) (31)

that is, we get the conventional Rayleigh scattering from both kinds of inho
mogeneities and e2.

For higher frequencies, by strength of the general theorem (27) we have, 
for the correlation function (30):

If we define the mean correlation length r by

1 _  1 [el , e ll
r ef + еЦг! r2J

the asymptotic expression (32) is valid if

k0r> 1.

If we make a further assumption, that

el гг

(32)

(29i)

Eq. (32) can be approximated by
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Matching this expression with D ainty’s result for the scattering part of Q 1 (cf. 
Eq. 1) and recalling that

c0a J_
fit ~ Q

we have

(34)

r2 = Û- gô '  (35)
fcl

where g ô 1 = 100 km for Aki’s Japan data [Dainty 1981]. On the other hand the 
Rayleigh-scattering result seems to be valid up to frequencies of about
0.3-0.4 Hz, that is r2 is less than or equal to the wavelength corresponding to 
these frequencies:

г2 й  10 -И 2 km (36)

If we take the correlation distance r2 of the short-distance inhomogeneities as

r2 ж 10-r 12 km

in accordance with earlier results of Aki [1973] and Capon [1974], the random 
velocity model (28) subject to the constraints (29a)-(29i) can be satisfied, for 
example, by the following choice o f parameters:

г2 «  ЮН-12 km [cf. Eq. (36); A ki 1973, Capon 1974] 
e2/c0 ж 2 н-4% [cf. Capon 1974]

r2g0 ж 10 • 0.01 = 0.1 [cf. Eq. (35) and D ainty 1981], that 
is,

£i
c0

6 - 12%

and finally, from Eq. (29i)

r\ ^  r2 ■ % ~  10r2
e 2

that is rx > 100 H-120 km. (It is easy to check that k0r > 1 even for 1 Hz.)
Thus, we have shown that for a plausible choice of the random velocity 

fluctuations a mean wave attenuation theory can, in principle, also explain the 
observed frequency dependence of ß -1, in contradistinction to the statement of 
W u  [1982] and S a to  [1982a, 1982b].
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KORVIN GÁBOR

ÁLTALÁNOS TÉTEL AZ ÁTLAGOS HULLÁMTÉR CSILLAPODÁSÁRÓL

1980-ban A ki meggyőzően bizonyította, hogy a földkéregben és a köpenyben terjedő 5  hul
lámokra a Q minőségi tényező az 1—25 Hz tartományban a frekvencia növekedő függvénye, 
ellentétben a Q állandóságát kimondó korábbi feltevésekkel és elméletekkel. A dolgozatban meg
mutatjuk, hogy a jelenség megmagyarázható a véletlen hullámterjedés „átlagos tér” elméletének 
keretein belül. Általános érvényű aszimptotikus összefüggést vezetünk le az átlagos tér csillapodási 
együtthatójának nagyfrekvenciás viselkedésére. Az összefüggés alkalmazásaként megmutatjuk, 
hogy — fizikailag reális véletlen sebesség fluktuációkat feltételezve — az átlagos tér közelítés Aki 
adataival összemérhető Q(f) függést szolgáltat.

Г. КОРВИН

ОБЩЕЕ ПОЛОЖЕНИЕ О ЗАТУХАНИИ СРЕДНЕГО ПОЛЯ ВОЛН

В 1980 г. Аки убедительно доказал, что для распространяющихся в земной коре и 
мантии волн типа S качественный фактор Q возрастает с частотой в диапазона от 1 до 25 Гц, 
в противоположность прежним предположениям и теориям, высказывающим постоянство 
Q. В работе показано, что явление может быть объяснено в рамках теории «среднего поля» 
случайного распространения волн. Выводится асимптотическая зависимость, имеющая 
всеобщее действие, для высокочастотного поведения коэффициента затухания среднего поля. 
В качестве применения зависимости показывается, что при предположении физически обос
нованных случайных колебаний скорости аппроксимация при помощи среднего поля дает 
функцию Q(f), соизмеримую с данными Аки.


