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If the propagation velocity in the (liquid or gas-filled) pores is vxand in the solid matrix it is
v2, let us define the average velocity by the time average formula (Wyllie et al. 1956)

Lo PP (10
Va Vi Vo

Further, define the deviations from v0 of the velocities of the two phases by

1
Vi = = (1 +CI)
(ID

Thus, from the wave propagation point of view the porous material can be considered as a
medium with a random velocity distribution

v() Vo [1+e(x)J, (12)

where e(x) is a random function of the coordinate x. At any given spatial point

1 with probability p

£
e(x)=| . - (13)
s2  with probability 1-p.
We will also need (e) and (ed. By Eqgs. (10), (11) and (13) clearly
(e>=0
and, since
v0 v
£1= -t g2=—10-1
Vi
we have
<£2=/7£1+ (1 -p)el=p(l-p)Votr L _JI_V (14)
1vi V2)
Let us define a new, normalized, random function by
M(x)= EG) 15
()= (s2(x))02 (15)
and its autocorrelation function as
N(x, x")= (fi(x) ju(x)>- (16)

If the random function p(x) (that is e(x>) is homogeneous and isotropic (cf.e.g. Tatarski
1961), N(x, x') only depends on the magnitude of x - x' that is,

N(x, x")=N(Ix-x"1)=N(r)(r=|x- x'|). a7
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The solution of the random wave equation

a3
Au-\—Vr n=0 (18)

(where v=v(x) is the randomly distributed velocity, Eq. (12)), can be derived by Keller’s
(1964) perturbation method, see Appendix. It turns out that, providing

(el « 1, (19)

the effective attenuation coefficient of the porous medium is given by
<x=(ekl \] (].—cos 2kO0r)N{r) dr, (20)

where N(r) is the normalized autocorrelation function of s(x), and kOthe average wave num-
ber

k - ce- 2jif (21)
° v0 v0

According to Eg. (20) we have to compute N(r) to obtain an explicit expression for a.
Assume that an arbitrary line e be drawn through the porous medium. Points on the line
are to be defined by giving their arc length x from an arbitrary origin. Then, for certain values
of x, the line will pass through pore spaces, for other values of x the line will pass through the
solid matrix. We introduce a function p(x) along this line defined as follows: the value of y
is defined as ,/q=ei/(e212 (cf Eqs. 13 and 15) if the line at x passes through a pore space; it is
defined as equal to /"2=£2/(e2)1/2 if the line passes through the solid matrix. (This is essentially
similar to the way that Fara and Scheidegger 1961 characterized the statistical geometry of
porous rocks.) On the basis of the ergodic hypothesis (/r(x))=0, (p2(xj)= 1 along the line e as
well.

By the construction of the function p{x) it follows that it will consist of randomly occur-
ring square wave impulses of random width.

First, we show that the number of these square waves within an arbitrary interval
[xx, xZ, \x2—x » —x, obeys a Poisson distribution. Indeed, if the function possesses n square
waves between xi and xz, this means that the line e intersects exactly n pores within this in-
terval. But this can occur if and only if there are exactly n pores inside the cylinder H of
radius a around the axis x,x2.

Because of Eq. (7),

. . {13Cr7ix)n
pn=P(n pores in cylinder /7)=exp ( - Asaznx) (22)

that is, the number of square wave impulses in the random function /.i(x) also obeys a Poisson

distribution of parameter
X1= kaa2n. (23)

The mean width & of these square wave impulses can also be easily determined.

Suppose the expected number of pores in the cylinder H is N, then the porosity (p) is
given by
443 1 4Na
(P)= N -mmipoe =

T = 24
3 amx 3x 24)
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Because of ergodicity, the same porosity should arise when estimated along the axis x Lx2 of
H, that is,

N& 4Na

X bx
and

(25)

The autocorrelation function
N (x)= (fi(x] ) Wi (x]) (|x2- *!I=x)

of the Poisson-distributed square wave pulses of random width & is, by the well known
Campbell formula of radio physics (see e.g. Rytov 1966):

N(x)=1J) exp (- xfi),
that is, by Egs. (23), (25) and (8)

N(X)=X3ah -—exp | —xj—«j=Ax exp | -X j—a (26)

Inserting Eq. (26) into (20) and carrying out the integration we get

4- 34q|*o
a ={enk1X3c - 27)
\+ 4\-a\kl
In the low frequency limit, providing that
(28)
we obtain
a = const (é2A3cXo. (29)

which is very similar to Beltzer’s (1978) result
/3=const-co4-A-(c[w] K
(The role of the (e2) factor in Eqg. (29) will be discussed later.)

3. Generalizations for random pore-size distribution

Let us now consider the more general case* when, instead of a single constant radius a,
the pores may have different radii ab a2 mm-, ak with the respective probabilities
K

PI, P2, m' m Pk Pis O, 2Pj=1.
|_

*The transition to continuous pore-size distributions seems to be rather complicated and is postponed to a further study.
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The previously discussed event that the interval [Xj, xJ of the random line e intersects exactly
N pores in such a way that it intersects

u, pores of radius al
n2pores of radius a2 o

B X+ W+ ... +nk=N
nk pores of radius ak

occurs if and only if:

there are nk pores of radius inside the cylinder Ht of radius ar, around axis [X], j;
there are n2 pores of radius a2inside the cylinder H2of radius a2, around axis [x1( xZ;

there are nk pores of radius ak inside the cylinder Hk of radius ak, around axis [xt, x2].

The probability of this event is

Pl n2. ... um)zexp '(-pj/é(jjfrxf_ (Fiainxni ... exp {'FTK>1!3a2-KH]-1x)-(thatnx)"‘.
o Os)!
%@@? P(fl3an qx_(_P__'h"nX)n> -
i-i OI)!

To find the probability P(N) that there are exactly N intersections in the interval [x3, xZ]
(i.e. that fi(x) contains N square wave impulses in this interval), we have to sum Eqgs. (30) for
all {«!, n2, .... nk}-s, for which nk+ ... +nk=N.

Observing that

(aY={Pla\+ ... +pkat)N= 2 NI
+es . HGN <1 0i)!

we have

y _x (Pia<)"i _iaz)N (31)
nl+ns+2 “+nt=iv -1 0«)! fvT

and, by Eq. (30),
. (e ch (a2))N
P(N)=_ 2 POiw2, .. . «i)=exp [-AgirxO]*—y - --------- (32)
ni+.,.+nt =N M .

Thus, the square wave impulses of the function B(x) occur again according to a Poisson
distribution of density
A1=a 30 2, (33

(compare with Eqg. 23). The average pulse width becomes, in this case, (a). Proceeding
as in the previous section,

N (x)=5ka> - (a2 (a) exp (34)
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and, for low frequencies, we find that the attenuation coefficient becomes
a =conste(e2 Az3(ad (imyss , (35)

an expression still analogous to Beltzer’s formula. Here, asin Eq. (29),
(eZ)=p(\-p)[-----VA -vl.

The main differences between Beltzer’s result and our expressions (29) and (3) are that
according to our results the attenuation coefficient also depends on the velocity contrast
(Vi- v2f and has a further porosity dependence of the form p(\ - p).

In 1953 Ament proposed a theoretical expression for the attenuation of sound waves in a
suspension :

p(\-p) (Q-Q22 %
ar] el (3)
where 77 is the viscosity of the fluid, p porosity, co average velocity, r radius of the solid par-

ticles, g2and gldensities of the fluid and of the solid particles, respectively. pOis the average
density :

a(l)=

eo=Pei+(I-p)Q2-

In the late fifties, this formula was widely used in geophysical practice (Of‘ﬁcer 1955,
Berzon et al. 1959). Because of the very well established over-all positive correlation be-
tween densities and velocities (Nafe and Drake 1957, Hamilton 1970), Ament’s Eq. (36)
suggests a proportionality of the attenuation coefficient to the velocity contrast, in the same
way as implied by Egs. (29) and (35).

The proportionality ofa with p(1-p) in Eq. (36) and our (29), (35) has been experimen-
tally confirmed over a wide range of porosities by Shumway (1960) and Hamilton (1972), for
marine sediments. Few systematic studies have been made on the role of the velocity (or
density) contrast (see, however, Zemtsov (1965) and the references cited in Korvin 1977 p.29).

4. Concluding remarks, connections with information theory

In the two previous sections it has been shown (Egs. 29 and 35) that in a randomly
porous medium, and for the low-frequency regime, the attenuation coefficient is proportional

— to the density A3 of the Poisson distribution of the number of pores;
— to the expression p(1—p), p being average porosity;

— to the velocity contrast of the two phases;

— to higher momenta of the pore-size distribution.

From among these factors, we consider the first two as characteristic to the “randomness”
of pore-geometry, at least in a qualitative sense. Thep (I-p) factor plays an especially inte-
resting role. Indeed, as we have recently reported (Korvin 1978), if we consider multi-
phase materials instead of 2-phase ones, the attenuation coefficient will be proportional to

A=20(1-n) @)
where p (is the relative volume ratio (i.e. probability of occurrence at any given point) of the

4
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<-th phase, p(*» 0,Ept= 1 The quantity H (termed heterogeneity factor in Korvin 1978) has
the properties:
H=o if any of the pt-s is 1, it attains its maximum for the distribution

1
PI~P2— mmm—Pn — — )
n

the maximum being
n—t

Thmex = o (38)

It is worth-while to compare the heterogeneity factor with the entropy

E=- ~ZPi 1°SPi (39)
i
of the probability distribution which, of course, is a more appropriate measure of the ran-
domness of a multiphase material (Byryakovsky 1968). It also holds that E - 0, if any of the
prsis 1; E attains its maximum for the distribution

1
PI—P i—l-—Pn--—I;I:

(40)
Applying the series development
. 1 .
—X log Via—log «+ X-— (log«- 1)- en if x—-—r—] «1
and the identity
)2 n-1 S
2 ft— n iiiPI(I-PI).
we obtain that, provided
2 |p, -«
one has
| 1
E=- ZPt logPillog 2 IPi--—-- I=logn--(n- 1)+- 2 Pi(1-Pi).
i i-
that is, if all the m-s are close enough to n—:
n .2 2logn n—1
H=2 piq-PU-—E -——— .
il n n n
or, by Egs. (38), (40),
Tfmax-4 =ﬁ(Eu.|ax—E)A (41)

Thus, around the maximum, the heterogeneity factor H behaves similarly to the entropy E.
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Figure 1 shows the striking similarity of H/Hmex and E/Emxx for n=2; for n=3 see
Fig. 1C of Harris and M cCammon (1969).

Thus, it is reasonable to assume as a hypothesis that for multiphase materials the low-
frequency attenuation coefficient—although not simply proportional—is certainly positively
correlated with the entropy, i.e. the randomness, of the material distribution of the medium.

In this connection it should be noted that the proportionality factor

#Zigia(l-a)
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Fig. 1. Relative entropy and relative heterogeneity factor for n=2
1 abra. Relative entrdopia és relativ heterogenitasi faktor n=2 esetén
Puc. 1. OTHOCUTENbHAS AHTPONUSA U KOIPMPULMEHT MYTHOCTM ANs N=2

figuring in the expression of the attenuation coefficient of multiphase materials can also be
written as

H=1-2pl 12
<;:1p ( )
The expression

\
(2-1 P

wes introduced by Oninescu (1966) as a measure of the information energy Of the probability
distribution Pi, p2, ..., pn. The information energy ranges from Lin (in case of conyplete
indeterminacy) to 1 (if any of thept-s is 1); and—as observed by Marcus (1967, 1971) in his
works on mathemetical linguistics—it shows the same analogy to the kinetic energy of
physical systerrs as that between the Boltzmann entropy and Shannon’s «—£p (logp ».
It can be shown thet, as in thermodynamics, if the information energy of a system decreases
its entropy should increase, and vice versa. This, in view of Eq. (42), further corroborates our
is.

It is well-known thet the frequency-dependent attenuation and velocity dispersion leed

to a distortion of the propagating acoustic pulses. K uznetsov et a. (1973) and Hol lin and

4»
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Jones (1977) recently proposed that the correlation between the propagating pulses for the
determination of the attenuation characteristics be measured. Theoretically, the propagation
of the two-point correlation function (as of any other quadratic quantities) can be described
by the Bethe-Salpeter equation (Bourret 1962) or, alternately, by appropriate transport
equations (see e.g. Bugnolo 1960). In connection with the latter approach Frisch poses the
following problem (1968, p. 145):

. there are some physical difficulties in the interpretation of the solution, which have
not been settled yet. It appears, for example, that in contradistinction to the homogeneous
nonrandom case, there is an energy loss, even when the medium is not dissipative”.

It seems to us that this problem, together with all the problems prosed in the present
paper, will have been solved by following up the pioneering ideas of Casti and Tse who, in
1972, showed that the Kalman-B ucy optimal filtering theory and radiative transfer theory,
“which from a physical point of view seem to have very little in common, may be brought
together by careful examination of their respective initial value formulations” (op. cit.
p. 42).

In their concluding remarks Casti and Tse (1972, p. 53) state:

“In conjunction with the active filtering problem, let us mention a radiative transfer
function ... this is the absorption function which is defined by means of a conservation law,
i.e. it corresponds to the radiative energy which is input to the atmosphere, but which is
neither transmitted through nor reflected back out.... In the active filtering case there is
reason to suspect that this function may correspond to a loss of inherent intormation in the
known control input due to interaction with the noisy system. If this correspondence can be
made precise, it would seem to be possible to establish a conservation of information law for
stochastic systems”.

Appendix: Perturbation solution to the random wave equation

The main ideas of Keller’s method of stochastic perturbation (Keller 1964, Karal
and Keller 1964) are as follows. Suppose the wave u0 propagating in a space free of inho-

mogeneities satisfies a linear equation
Lu0=0. (AL)

Consider now a randomly inhomogeneous space characterized by the operator
L-eLy)-siL2y)+0(e3), (A.2)

where s isa measure of the inhomogeneities of the medium (|s|«1); L¥y) and L2y) are random
operators depending on a random parameter ye of density function p(y). Expectancies
with respect to p(y) are denoted by

<)=j f(y)p(y)dy.
r
The solution u to the equation

[L-eLJy)-ed2y)+0(ed]«=0 (A.3)

is a random function of y; our aim is to find an equation for the expected wave (u). If L~1
exists and is bounded, then from Egs. (A.l.) and (A.3.),

u=u0+eL~I{L1+eL™)u+0(ed. (A.4)
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Solving (A.4.) by the successive iteration method, we get
n=u0+eL~ILIUo+eL~1LiL~1L1+L~1L 2u0+0(ed (A.5.)
that is, taking expectancies,

(«)=t/o+£L-1<i.i) nD+ sA ~\( ZiL _1jLi) + ( L2))u0+ 0(e3). (A.6.)

Hence:
uo=(u)-sL~1(Li)uo+0(e2=(u)-eL~1(L)u+0(e?, (A.7)

which, on substitution into (A.6.), gives
(u)=u0+EL-1(LI)(u)+e-L-J(LiL~LD)-(L HL-1(LDY+ (LD](*)+0(e3)r (A.8.)

Applying L to both sides, dropping the 0(e3) term and assuming that (L)=0 we finally
arrive at
(L-e2(L,L-% )- e2Z2>)<,>=0 (A.9)

which is an explicit equation for (u). Introducing the Green function <7(x, x') defined as
LG(x, x")=1'6(x-x") (A.10)
(where 1 is the unit operator, 6 is Dirac’s delta function), we have
L~If =J <7(x, x")/(x') dx'
and Eg. (A.9.) becomes
L(x) (u(x)) - e2™ (x ) jG(x, X LAX") (u(x")) dx”>- s2(L2(x)) (u(x))=0. (A.11)
Let us now apply the general expression (A.11.) to the random wave equation

a
ﬂmn—v- u=0 (A.12)

where, as in Eq. (12), the random velocity distribution is given by

v(x)=i>o(I+£(*))_L1.
If we introduce the average wave number kO=a>Iv0 the wave equation becomes

Au(x)+ka]\ + 2ey(x)+ ey Ax)Ju(x)=0 (A.13)
where e=(e2x))12; the normalized random variable u(x) is given by
£x)  e(x)

MX)= <gaxyva
If Eq. (A.13.) is matched with Eq. (A.3.)

L =A+ka

L\=~2k1y{x) (A.14)
L2= —«1y2x).
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Clearly, (=0, (/r(x)) = 1. On imposing the radiation condition, the Green function becomes

exp [i&x-x"|]
V= — A.15.
G(x, x") X x| (A.15)
and Eqg. (A.11.) will change to
0 + kl)<«)+ <"tt(x)\] O [x-x"| X~ dx'+ e2<od="°- (A.16.)

In the case of homogeneous isotropic randomness (Tatarski 1961) Eq. (A.16.) simplifies to

O+kl+eX){u(*))+"R - f OF  7MiV (f)(»(x+1)) dr=0, (A.17)
dje J r

where r=|r[; N(r) is the autocorrelation function defined by Egs. (16), (17). Solutions to Eg.
(A.17.) will be sought for in the plane-wave form
(tt(x))=/leiki= 9?(x). (A.18))

To compute the volume integral in (A.17.) we first integrate over the spherical surface S of
radius r, centred at x. Making use of the mean-value theorem (Keller 1964)

«» JRA) e A%

which holds for any solution of the wave equation, from Eq. (A.17.) we have

N+kl+eXl+4e2 exp (ik@)sin kKrN(r) dr ?>(x)=0. (A.20.)
o
Since the plane wave <p(x) as defined in Eq. (A.18.) evidently satisfies a wave equation
0 +k29cp{x)=0, (A.21)

we obtain, by equating Eqgs. (A.20.) and (A.21.), the dispersion relation

k2=kl+eXk,,+4e* % Jexp (ikOr) sin kKrN(r) dr (A.22)
K
0

whose solution k is the effective wave number expressing the global effect of the velocity
inhomogeneities. If (A.22.) is solved in powers of e and the 0(|e|3) terms are dropped (for
details, see Korvin 1977), the imaginary part of k, i.e. the attenuation coefficient a, becomes

a~eXl \]G. cos 2k0r)N(r) dr (A.23)
0

which is the same expression as Eq. (20) of the main part of this paper.
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KORVIN GABOR

A VELETLEN POROZITAS HATASA A RUGALMAS HULLAMOK ELNYELODESERE

A dolgozat a pordzus kozegben terjedd rugalmas hullamok elnyel6dését vizsgalja a véletlen
porus-elhelyezkedés, poruseloszlas és porusszam fiiggvényében. A véletlen hulldm-egyenlet pertur-
baciés megoldasaval Uj levezetést nyeriink Beltzer nemrég kozolt eredményére. Informacioel-
méleti megfontolasok azt a hipotézist sugalljak, hogy tébbkomponens(i kézegek alacsony-frekvencias

véletlenségével.

r. KOPBV/IH

BNINAHME CNYYANHOWM MOPUCTOCTU HA MOMNALLEHUE YMNPYTUX BOJH

CTaTbs uccnedyeT nornalieHme ynpyrux BofH PacrocTPaHsIoLWMXcs B NOPUCTOI cpefe, B 3a-
BUCMMOCTU OT C/y4aliHOTO PacrofioXKeHWs, pacnpefeneHns U KoamyecTsa nop. MeTodoMm BO3My-
LEHUs CNyYaliHOro BOMIHOBOTO YPaBMEHUS MOMYUYMM HOBbIN BbIBOA Ha HEflaBHO COOBLLEHHbIV pe-
3ynbTaT benbluepa. Paccy)aeHus no Teopun MHPOPMALMK NOACKA3bIBAIOT TMNOTE3Y, UTO KO3((U-
UMEHT HM3KOYACTOTHOIO MOI/OLEHNS MHOTOKOMMOHEHTHbBIX Cped MONOXKUTENLHO KoppenupyeT
C 3HTpOMNMENA, T. €. CMy4altHOCThI0 MaTepuanbHOro pacnpeaeneHns cpefpl.



