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Modelling of cone penetration electric
tool field

László BALÁZS*

Cone penetration sounding is one of the most important information sources in 
shallow geophysical research. It is pointed out, however, that efficient interpretation 
requires highly reliable modelling of the sonde operation. The special difficulties that arise 
when modelling the field of the cone penetration electric logging tool originate from the 
disturbing effect o f cone and shaft. Large conductive inhomogeneities arise that tend to 
adversely affect the current density distribution and potential field generated by the active 
electrodes as well as the measured apparent resistivity value. It is emphasized that great 
care must be taken in providing the most appropriate extended electrode model that is 
required, in order to calculate the surface current density distribution, which is the key 
function for estimating the long electrode potential field. From the mathematical point of 
view, the problem can be formulated as a Fredholm-type integral equation of the first kind 
with a weakly singular kernel function.

In this article, we have built up step by step the mathematical model o f the penetra
tion sonde starting with the simplest ring electrode model; we then derived the current 
density cylindrical electrode; using the results, we next calculated the single uniform 
surface potential electrode field; finally, we modelled the field o f the whole electrode 
system. The single electrode field was a reference case for which we approximated the 
electrode surface current density distribution by two methods, viz. step function and 
Fourier series. As a result, the real electric tool current density and potential distribution 
were estimated in a homogeneous medium; this procedure is useful for interpreting cone 
penetration logs, taking into account the effect of varying length shaft, and also for tool 
planning. If the core function is modified, the modelling can easily be extended to a 
radially inhomogeneous medium, approximating the compaction around the tool.
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1. Introduction

If the size of the given medium inhomogeneities (including the sonde 
body) is comparable with the size (length) of the electrodes, then great care 
must be taken to ensure that the most appropriate extended electrode model 
is selected for calculating the logging tool field; inevitably, if the appro
priate choice is made this will be more realistic than the often applied point 
electrode model. In the case of the penetration tool, the cone and shaft form 
large conductive inhomogeneities that behave like long passive electrodes, 
thereby exerting a significant effect on the potential field. It means that the 
sum of the current on the shaft and cone (as a coupled passive electrode) is 
equal to zero. By no means should the cone and shaft effect be neglected 
when calculating the sonde constant, the apparent resistivity, the transfer 
resistances, and in interpreting the log.

2. The basic problem

In the modelling of direct current electrode systems, the Laplace 
equation must be solved in the medium in which the electrodes are em
bedded, excluding the current source region. In the case of cylindrical 
symmetry outside the electrodes the potential function (V(r,z)) fulfils:

1 dV dl V dzV n ------+ ------+ ------= 0 ( 1)
r dr dr1 dz

where r and z are cylindrical co-ordinates.
At the surface of the electrodes and at the boundary of the medium's 

inhomogeneities, the appropriate boundary conditions determine the free 
parameters of the general solution. At the electrode surface, the boundary 
conditions may refer to the surface potential (Dirichlet problem) or to the 
current density (Neumann problem), sometimes complemented by the 
electrode current as a normalization factor (Tikhonov-type normalization).

If one neglects the angle variable, the general solution can be formu
lated for the homogeneous region of the given medium by the appropriate 
Bessel functions (J0, N0, K0,10):

V(r,z)= f  [A(m) ch (mz) + B(m)sh(mz)]JC(m) J 0(mr) +D(m)N0(mr)\ dm (2a)
о
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or in an equivalent form:
oo

V(r,z) = j\A(m)cos(mz) + B(m)sm(mz)lfe(iri) 10(mr) + D(m)K0(mr)\àm (2b)
о

where A(m), B(m), C(m), D(m) are weight functions, and m is the space 
frequency. The form of the general solution is a superposition of the eigen
functions of differential equations derived from the Laplacian one by the 
separation of variables. The first form (Eq. 2a) is suitable for vertical 
inhomogeneities, the second (Eq. 2b) for radial ones. The general solution 
could be simplified when the potential vanishes in infinity, or remains 
finite in the centre of the co-ordinate system, or further symmetry can be 
assumed.

For a central single electrode in a homogeneous medium, the solution 
can be simplified to the form

oo

V(r, z) = ^A(m)KQ(mr)cos(mz)&m (3)
о

because of the parity requirement of the variable r. The weight function 
A(m) can be determined from the boundary condition at the source region. 
If one uses (Eq. 3), it is possible to generate a solution which gives a finite

potential on the electrode surface.

3. Electrode model

The starting point of mathematical model
ling was the electrode model suggested by DE 

W IT T E  [1959]. In this model the infinitely thin 
conductive cover is mounted on the insulating 
cylinder (Fig. J). The extended electrode 
model outlined in Fig. 1 can be derived from 
infinitely thin ring electrodes by superposi
tion. The whole electrode system is built up 
from cylindrical electrodes of different 
lengths. The tool body as an ideal insulator can

Fig. 1. The electrode model: infinitely thin conductor cover on the insulator body 
1. ábra. Az elektróda modell: elhanyagolható vastagságú vezető burkolat szigetelő

hengeren
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be characterized by zero radial current density. All the electrodes have 
uniform surface potential. The active electrodes emit a predefined current, 
and the surface integral of the passive electrode radial current density is 
equal to zero.

The first step in constructing the mathematical model is to determine 
the Green-function belonging to the infinitely thin ring electrode. (With 
regard to the vertical co-ordinate (z), this is the Dirac-delta source, which 
generates the Green potential distribution). The Green-function must have 
a symmetry:

G (r, z, z') = G (r,\z -  z'\) . (4)

Using the Green-function, the electric field of the arbitrary electrode 
system can be calculated by convolution:

V(r,z)= jj(z ')G (r,z ,z ')d z ' , (5)
г'ец

where t| is the finite region on the vertical axis, representing the electrode 
surfaces; J(z) the vertical current density, which is continuous on r|.

The inhomogeneities of the medium can be built into the Green- 
function.

3.1. The Green-function

At the electrode surface, the current density vector has only a radial 
component because it is an ideal conductor. The surface integral of the 
current density is also known as a current of the electrode. Then the 
equation (boundary condition) for the current density is

я / л 2 n a  5(z) = -------
R

where R is the resistivity of the medium, a the radius of the electrode. 
Substituting the symmetric general solution (Eq. 3) to (Eq. 6) gives:

CO

-----S(z) = -  [(A(m)lfma)-B(m)Kfmaj)<zos{mz)màm . (7)
2тс a о

dV(r,z)
At.

( 6)

In the case of a homogeneous medium:
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R 

2 na

CO

5 (z)=  JB(m)Kl(ma)cos(mz)md?n
о ( 8)

The Dirac-delta function on the left side can be expressed by cosine 
functions, applying the orthogonality:

1 °° 2na °°lim — \cos(mz)cos(mz')dm = -----  \B(m)Kl(ma)cos(mz)mdm . (^)
z'-+° Л 0 R 0

From the equality of parametric integrals, the unknown weight function 
B(m) can be determined:

B ( m )  = -----------------  . ( 10)
2л2 amKx(ma)

Hence the Green-function for a homogeneous medium, substituting 
(Eq. 10) to (Eq. 3) is:

R г 1G (r ,z -z ')  =------ j ------------ K0(mr)cos(m(z-z'))dm  . (Ц )
2л2 û о mKx(ma)

It should be noted that the Green-function is singular on the surface of 
an infinitely thin ring electrode (at the point r = a), since finite current 
enters the measured medium from an ‘infinitely small’ region. Using the 
Green-function and knowing the vertical current density distribution, one 
can calculate the potential anywhere in the medium.

Generally speaking, the current density distribution is not known. It 
can be determined from a Fredholm-type integral equation based on the 
above-formulated Green-function. Since the electrode is an ideal conduc
tor, the surface potential is constant. Hence the integral equation for a 
single electrode is given by

v (a’% en = f j ( z ')G(a>z -  z')dz' = const. (12)
z'ex]

The kernel function is symmetric and has weak singularity. The weak
ness of singularity ensures the finite surface potential in the case of a finite 
electrode (finite radius and length), after the integration given in (Eq. 12).
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If we have a multiple electrode system, the integral equation must be 
completed by the mutual effect of the other electrodes. This effect can be 
formulated by similar coupled integral equations. Normalizing the solution 
requires further conditions. If the /-th electrode current (/,•) is known, the 
normalization is given by

If the shaft reaches the zero potential point (far surface point), then the 
shaft electrode potential can be forced to zero. This is the other possible 
kind of normalization.

The multi-electrode system seems to be an incomplete Dirichlet prob
lem since the potential is known only at a certain region of the tool body 
(incomplete boundary condition); moreover the measuring point is also on 
the boundary.

Two main steps are needed to solve the outlined problem: (i) The 
surface current density is calculated by inverting the integral equation 
related to the electrode surface potential, (ii) knowing the current density 
and Green-function, we can calculate the potential by convolution at any 
point outside the electrode system.

The simplest solution is to partition vertically the extended electrode 
into constant vertical current density component electrodes. In this way, 
the current density is approximated by a step function (sampling by step 
function). The goodness of approximation is determined by the fineness of 
the partitioning. The integral equation is then approximated by a linear 
equation system to calculate the vertical current density vector. For norma
lization the whole current or surface potential is required. The matrix 
element of the linear equation is derived from the Green-function (at the 
reference point of the part electrodes). Herewith, we introduce the matrix D 
with the components:

(13)

4. The possible way of electrode field calculation

(14)

where V,j is the potential originating from the /-th component electrode on 
they'-th part electrode:
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Vt J = J(zl)G(zi - z j )

where z t is the vertical co-ordinate of the /-th component electrode. The 
coefficients in the last row of the matrix referring to the whole electrode 
current are given by

A,v=i
expressing the normalization, where N  is the number of the component 
electrode. Then the current density vector, J  is derived:

J  = D_1b , (15)

b represents the boundary conditions on the elctrode surface. The compo
nents of array b are zero except the last, which is just the electrode current. 
If the surface potential is known, the linear equation can be written directly 
to the potentials. In this case the matrix elements are Green-function values 
at the distance of the component electrodes. The linear equation system 
outlined above can also be derived from the conditional extremum of the 
electrode surface power.

4.1. Potential o f the constant current density component electrode

To generate the linear equation system mentioned above, the potential 
field of the uniform current density component electrode must be calcu
lated. This will be the basis for the numerical treatment of the current 
density approximation. If the Green-function is known, the potential func
tion of the uniform current density component electrode (X: length, a: 
radius) field is:

V(r,z)  = — J(A(m)I0(mr) +  B(m)К0(mr))cos(mz)sine d/w.O^)
2n a

mb

V 2
where R is the resisitvity of the medium, and /  is the elctrode current.

In a homogeneous medium the weight function A(m) is equal to zero 
for each m, and B(m) is the same as in (Eq. 10). As can be seen from (Eq. 16) 
above, the surface potential of this kind of electrode is not constant. The 
surface potential and current can be uniform only in the case of an infinitely 
long electrode. The component electrode reference point in our approxima
tion was the centre of the electrode.
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From Fig. 2, the convergence of the potential decrement can be 
realized for electrodes of different lengths which have the same current.

Fig. 2. Potential distribution for uniform current density electrodes of different lengths 
(radius : 0.025 m, electrode current: 1A)

2. ábra. Potenciál eloszlás különböző hosszúságú, egyenletes árameloszlású elektródák 
esetén (r=0,025 m, áramerősség: 1A)

4.2. Approximation o f  current density fo r  a uniform surface potential
electrode

In this section, the whole electrode current density is calculated from 
component electrode fields.

To check the numerical treatment one should compare the calculated 
current density with the result originating from different types of approxi
mation. It would be useful if the inverse of the Green-function could 
somehow be expressed:

8 = G~l *G . (17)

In this case the surface current density would be:

J  = V*G~' = (J*G )*G ~' = J*  8 . (18)

In a homogeneous medium the inverse can be given in the following form:
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„ - i ,  4 rmKx{ma)u  (a, z) -  const ------------cos (mz) dm . (19)
-a, K 0(ma)

This type of solution requires the whole potential function along the z 
axis. Because of the ‘incomplete boundary condition’ and the infinite 
Green-function, this inverse gives only a poor approximation. Evolving a 
local inverse with continuous spectra — as formulated in (Eq. 19) — is not 
possible.

The problem outlined above may be avoided if the unknown current 
density J(z) is taken in Fourier-series form, i.e. the J(z) and V(z) on the 
electrode surface are extended periodically outside the electrode region. 
Thus, the local relationship can be determined between the two local 
functions. During the current density calculation the convolution is related 
only to the electrode surface, therefore the infinite periodic extension 
causes no problem. The basic Fourier period is the electrode length.

If one substitutes the J(z) Fourier-series with unknown coefficients 
(a„) into the potential expression (Eq. 12), the following is obtained:

Ы  2

V(a,z) = y^\an ^A(m) K0(ma) cos (mz) jcos(ffiz')cos
-1/2

Inn 

l  L
d z ' d m . (20)

It can be seen that the integral transformation defined above (Eq. 20) 
transfers the constant function (n = 0) to the symmetric decreasing func
tion. The zero order approximation is just the uniform current density 
electrode model. Calculating the second integral, we get:

CO

V(a, z) = ^  a„ jA(m)K0 (та)
И О

sinf  ТЛ m —
\

(-!)"-
2 ) m

— ------- cos(mz) d m ,
Л22 nn

\  L J (21)
where k is the index variable, c* are the Fourier coefficients of the potential 
function V; Bk „ are elements of the coupling matrix between current den
sity and potential Fourier harmonics. The potential is expressed as a series 
of special functions. This basis is not orthogonal. If we transform these 
functions to the orthogonal Fourier basis we get:

V(a,z) = Y lan cos
2nk-----z = cos

2nk -----z
n k \  L J k l  L )

(22)
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which is just the Fourier-series of surface potential, where:

( Л
Bk,n = jA(m)K0(ma) sin'

L m —
К 2 )

(- 1) n+k 2m 2m

m2 - Í  2 7177
2

2 '  2 n k ^
m  - —

l  L ) 1  L  )

dm

(23)
A symmetrical matrix describes the coupling of the source (current 

density) and potential spectra. Since the surface potential of the electrode 
is uniform (Vf = V(a,z); ze[-L/2,L/2]), it means that only the first coeffi
cient differs from zero, hence the Fourier coefficient vector of current 
density distribution is the following:

a = B“'c (24)

where the surface potential Fourier coefficients (<?,) expressed by surface 
potential value (V/) are:

ci -  Vj-Sj'O (25)

For comparison, the single electrode current density functions were 
calculated with different electrode divisions, using (Eq. 15). The estimated 
current density step functions are displayed in Fig. 3.

In Fig. 4 the current density distribution can be seen derived from 
Fourier-series approximation for the same electrode as given above. The 
calculated function is burdened by a slight Gibbs oscillation because of the 
truncation of the Fourier-series. The values of the two approximations 
agree at the side of the electrode, but slightly differ in the central part.

5. Modelling of cone penetration sonde

The mathematical model of the electrodes described above is suitable 
for cone penetration electric tool modelling . The 1 cm uniform partitioning 
was used in the numerical treatment. In the modelling we ignore the cone 
bend. (The effect of this geometry can be estimated by two cylindrical 
electrodes of different lengths). The cone and shaft — because of their 
connection — have the same surface potential. In the calculation the shaft 
potential is forced to zero; it means that the shaft is practically infinite (it is 
connected to the zero potential reference point of the measurement).
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Fig. 3. Electrode surface current density approximation with different electrode divisions. 
The electrode length was 20 cm, the radius 2.5 cm 

3. ábra Felszíni áramsűrűség eloszlás közelítése, az elektróda különböző finomságú 
felosztásával. Az elektróda hossza 20 cm, sugara 2,5 cm volt

Fig. 4. Electrode surface current density approximation by Fourier series. The electrode 
length was 20 cm, the radius 2.5 cm

4.ábra. Az elektróda felszíni áramsűrűség eloszlásának közelítése Fourier-sor segítségével. 
Az elektróda hossza: 20 cm, sugara: 2,5 cm volt
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The current of the measuring electrode was zero (passive electrode); 
the potential of the measuring electrode was calculated by means of the 
extended electrode model. If the shaft is taken to be of finite length, the 
current of the shaft-cone system can also be taken as zero, but in this case 
the surface potential is a little bit above zero. From the boundary condi
tions, the linear equation system can be derived for the 1 cm long com
ponent electrodes. If the equation is solved, the current density vector can 
be determined.

The result of the step function approximation is displayed in Fig. 5. If 
the cone and shaft are not connected, negative current density values 
appear on the end of the cone, and positive values on the end of the shaft. 
As a consequence of connection and zero potential, the current o f the shaft 
and cone will outflow towards the surface.

cone В M A shaft

........... ED...ED...  !.. : DDDZDIDJ

' I I ...........................

1 6 11
' ' Г  I»1................ ............... ...
21 26 31 36 4 1 | 46 5 1 56

:

distance [cm] from cone

Fig. 5. Surface current density on the penetration tool 
5. ábra. Arameloszlás a penetrációs szonda felszínén

From Fig. 5, it can be seen that the shaft-cone system carries the 
essential part of the current originating from the active electrodes (A, B). 
This effect changes the potential at the measuring point (M). The current 
distribution on the active electrode is also asymmetric, as an effect of 
passive electrodes. The currents of the component electrodes are listed in 
Table I.
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Electrode Current [A]

M i 0.0467

M 2 -0.0467

A\ 0.49863

Л-2 0.50137

B l -0.50459

B2 -0.49541

Table I. Currents of component electrodes 
/. tábl. Részelektródák árama

The potential distribution along the sonde axis is shown in Fig. 6. 
From Fig 6, it can be seen that the potential of the cone-shaft electrode is 
forced to zero. The potential on the measuring electrode is also constant on 
the electrode surface. The deviation in measured resistivity caused by the

Fig. 6. Surface potential on the penetration tool (infinite shaft approximation)
6. ábra. Potenciáleloszlás a penetrációs szonda felszínén (végtelen fűrószár közelítés)



32 László Balázs

cone-shaft effect was about 10 %. If the surface potential of the shaft-cone 
is forced to zero, the solution becomes insensitive to the length of the shaft.

In Fig. 7, the potential distributions from different approximations are 
compared: point electrode model, extended electrode model without shaft 
and cone, extended electrode with shaft-cone. Far from the active elec
trodes all these models give similar results, as can be expected, but close to 
the active electrodes the difference is significant.

If the effect of the cone-shaft is calculated, the potential at the mea
suring point (electrode M) in a homogeneous 1 Qm resistivity medium is 
1.25 V; neglecting the cone and shaft effect and the local effect of electrode 
M  we get 1.143 V. If the local effect of electrode M is taken into account the 
measured potential is 1.329 V, since the measuring electrode also modifies 
the local potential distribution. This effect may be reduced by decreasing 
the length of the measuring electrode.

1ЮЯ*ММ<“  U(z) - ext. electrode with cone & shaft ------- U(z) ext. electrode without cone & shaft

------- U(z) central point electrode

z[cm] distance from cone end

Fig. 7. Surface potential on the penetration tool in different approximations 
7. ábra. Potenciál eloszlás a szonda felszínén különböző közelítésekben 

(pontelektródákkal, nyújtott elektródákkal fúrószár és csúcs nélkül, nyújtott elektródákkal 
a csúcs és fúrószár hatás figyelembe vételével)



Modelling o f cone penetration electric tool field 33

Z  [cm]
from the cone end V(z) V(z)

without cone-shaft
V(z)

point electrode
11 (cone) 0.0 -1.129 -1.007
12 (cone) 0.0 -1.365 -1.223
13 -0.9259 -1.706 -1.513
14 -1.702 -2.247 -1.899
15 -2.884 -3.304 -2.362
16 (B) -5.672 -6.01 -2.736
17 (B) -5.672 -6.01 -2.717
18 -2.989 -3.22 -2.303
19 -1.928 -2.121 -1.801
20 -1.37 -1.532 -1.373
21 -1.005 -1.139 -1.039
22 -0.7377 -0.8479 -0.7763
23 -0.5264 -0.6147 -0.5631
24 -0.3486 -0.4169 -0.3823
25 -0.1902 -0.2396 -0.222
26 -0.04148 -0.07294 -0.07281
27 0.105 0.09107 0.07281

28 0.2563 0.2597 0.222

29 0.4215 0.4424 0.3823

30 0.6126 0.6516 0.5631

31 0.8624 0.9203 0.7763

32 (M) 1.25 1.329 1.039
33 (M) 1.25 1.329 1.373
34 1.933 2.058 1.801
35 3.042 3.195 2.303

36 (A) 5.759 5.945 2.717

37 (A) 5.759 5.945 2.736

38 3.013 3.291 2.362

39 1.89 2.238 1.899

40 1.248 1.7 1.513

41 0.713 1.36 1.223

4 2 (Shaft) 0.0 1.125 1.007

4 3 (Shaft) 0.0 0.9508 0.8437

Table II. Surface potential values in various approximations 
II. táblázat. Szondafelszíni potenciál értékek különböző közelitésben
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In Table II, the potential values along the sonde surface are tabulated in 
different approximations. If the cone-shaft is modelled as a passive, zero 
current electrode, the surface potential will be above zero depending on the 
shaft length.

6. Conclusions

The electrical model described above is suitable for calculating the 
tool response in the case of a homogeneous medium and radial inhomo
geneity. It is proved by our model of the penetration electrical tool that the 
cone and shaft effect is important and it must therefore be taken into 
account in the sonde planning and in the subsequent interpretation of the 
results.
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Penetrációs elektromos szonda modellezése

BALÁZS László

A penetrációs szonda mérések a sekély geofizikai kutatás egyik legfontosabb információ 
forrásai. A mérési eredmények megfelelő interpretációjához elengedhetetlen a szonda terének 
megfelelő modellezése. Az elektromos szonda modellezést a csúcs és a fúrószár elektromos teret 
torzító hatása nehezíti. Ennek leírásához realisztikus nyújtott elektróda modellt kell létrehozni, 
melynek segítségével számolható a szonda felszíni árameloszlása és a közegbeli potenciál eloszlás.

Matematikai szempontból a feladat egy Fredholm-típusú (elsőfajú), gyengén szinguláris 
magú integrálegyenlettel fogalmazható meg. A cikkben a matematikai modell kifejlesztésének 
lépéseit mutatjuk be. Kiindulva egy egyszerű gyűrűelektródból, ebből létrehozva egyenletes fel
színi áramsűrűség-eloszlású hengerelektródot, melyből egyenletes felszíni potenciáleloszlású elek
tródot származtatva eljutunk a teljes elektromos szonda realisztikus modellezéséhez. Az áramsű
rűség eloszlást lépcsőfüggvény és Fourier-sor formájában is közelítjük. Az eredmények hasznosak 
lehetnek a szonda mérési eredményeinek interpretációjában, illetve a szonda fejlesztésben is. A 
magfüggvény kis módosításával a radiálisán inhomogén közeg (kompakció modellezése) is szá
mítható.
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