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Experimental investigation of the fractal dimension of the 
pore surface of sedimentary rocks under pressure

Gábor KORVIN*, Mohammed A. MOHIUDDIN“ ,
Abdulaziz ABDULRAHEEM**
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A new experimental technique has been developed and applied to study the changes in the frac
tal dimension of the pore surface of sedimentary rocks under increasing confining pressures. Twenty 
sandstone, and twenty limestone reservoir rock samples were studied; the pressure was step-wise in
creased from 4 to 83 MPa. At any given pressure step, and for a given lithology, the porosity Ф and 
hydraulic permeability к were found related as a power law к oc<I>v. For sandstone, the exponent v 
smoothly increased from «2 to »3 as the pressure increased from 4 to 83 MPa. For limestone, for the 
same pressure range v smoothly decreased from »5.7 to «5. Assuming two plausible fractal models 
of fluid flow in rocks, the exponent v was converted to pore-surface dimension D, and it was found 
that D increases with pressure from Z)«2 to D~2.5 for sandstone, and decreases from D~2.7 to 
Da2.65 for limestone. The difference between the pressure-dependencies of the fractal dimension of 
the pore surfaces in case of the two lithologies is due to the different mechanisms governing com
pression in the various rock types.
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1. Introduction

In the last fifteen years the fractal structure of the pore space of sedi
mentary rocks has been experimentally verified over a wide length range 
with different techniques [FEDER 1988; KORVIN 1992; Radlinsky et al. 
1999]: in the range from 1 Â to « 100 Â by chemical adsorption [AVNIR et 
al. 1985]; for 10 Á to » 1000 Â by S AXS or SANS (i.e. Small Angle X-Ray 
Scattering, and Small Angle Neutron Scattering, respectively: THOMPSON
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et al. [1987]); for the range from 10 Â to » 100 pm by image processing of 
the SEM or optical micrographs [KATZ and TH OM PSON  1985]. Quite re
cently [Radlinsky et al. 1999] SANS and USANS (Ultra-Small-Angle 
Neutron Scattering) studies established the fractality of the pore/matrix in
terface of a hydrocarbon source rock over three decades of scale, from 6 nm 
to 7 pm (with a resulting fractal dimension Ds = 2.82). None of these ex
perimental techniques however can be readily applied to determine the 
fractal dimension of the pore/matrix interface in rock samples under vary
ing pressure. In this paper an experiment is reported where the pressure- 
dependent pore-surface dimensions of twenty sandstone and twenty lime
stone reservoir rock samples were indirectly determined from the perme
ability vs. porosity relations established at the different pressure steps.

2. Fractal aspects of permeability

As well known, the porosity and hydraulic permeability of sedimen
tary rocks are connected by the classical Kozeny-Carman law [WALSH and 
Brace 1984]

к = (1/b) Ф 3(У /А /(1 /г ) , (1)
where b is a constant, As/V \s the specific surface Sspec (i.e. total surface area 
per unit volume of rock), and t is hydraulic tortuosity.

In another theoretical expression [GOODE and SEN 1988]

к =СФ "'(iVVß,/) (2)
(where C is a constant, m the electric tortuosity, Q+ is the surface charge 
density of clay, Qv is charge per unit pore volume). These, and similar, 
theoretical and empirical laws all share the power-law form [KORVIN 
1992]

к ссф4' (3)

with different exponents v. Therefore, it is a good practice [SERRA 1984] to 
always plot the £-Ф data on a double logarithmic grid and (if the points 
form a linear cluster) to find v of Eq. (3) from the slope.

An intriguing aspect of these exponents is their non-integer value, 
which has obviously called for a derivation of Eq. 13 from simple scaling 
arguments [KORVIN 1992, pp. 292-298]. One possible scaling derivation



Experimental investigation o f the fractal dimension o f the pore surface ... 5

[MOSOLOV and DlNARYEV 1987] of the rule (3) starts out from the D’ Arcy 
law of flow in porous media

и = -(k/\i) grad P (4)
where и is the velocity of the flow, P is pressure, p viscosity of the fluid, к 
permeability. Assuming that и does not depend on the spatial position x, the 
discharge Q in one second through a cross section^ of linear size a perpen
dicularly to и is

Q серф \u\ a2 = рФ (k/\i) a2 |grad P | (5)
Suppose the porosity is built up of channels of characteristic width 

(say, radius) r, and that the number of channels of radius r are distributed 
with respect to some probability density function n(r). Following KATZ 
and THOMPSON [1985] assume that the porosity Ф fractally scales with r 
between two characteristic length scales l\ (20 Â)< r </2 5 0 -  100p ) as

Ф (r) cc (l,/r)3-D (6)
where D is the fractal dimension of the pore space. The contribution of the 
channels of radius r to total porosity is Ф(r) ce n(r) r2 that is by Eq. 6, put
ting 5 = 3-D,

n(r) cc A 2 (7)

The discharge can also be expressed by Poiseuille’s law:
Q cep (a2/\i) n(r) r4 (grad P \ (8)

Matching Eqs. (5) and (8) yields
k(r) cc n(r) г4/Ф ( r )  ссф 2 0 (9)

that is Eq. (3) becomes
к осф 2/s = ф 2/^ 0) ( 10)

A quite different power-law rule could be arrived at if we start out from 
the classical Kozeny-Carman equation [KOZENY 1927; CARMAN 1956; 
Walsh and Brace 1984]

к = ф  У(b S2specx:)

(see Eq. 1 ) where b is a shape factor of order one, x is the tortuosity i.e. the 
ratio of the hydraulic path to the straight-line path [KORVIN 1992а]. The 
specific surface area of granular materials of surface-dimension Ds scales 
with particle size as [Van Damme et al. 1988; Korvin 1992a]
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S .... ос R Ds-з
spec

(И )

For the estimation of x let us simply assume [following PAPE et al. 
1987a] that the hydraulic path follows the cross-sectional outline of the 
pore wall. (This assumption is only justified in clay-free sediments. In 
clayey sandstones percolation-theoretical arguments give a more compli
cated scaling law [KORVIN 1992 pp. 17-33; 1992 a].) Consider a domain of 
characteristic size R. The hydraulic path-length L(R) over a domain of lin
ear size R scales as

Ц К ) oc R Ds~'

and we get

T oc U  R) cc к "  :
R ( 12)

Using Eqs. (11, 12) and assuming [as in KATZ and THOMSON 1985] 
that the fractal dimensions of the pore space (D in Eq. 6) and of the pore 
surface (Ds in Eq. 11 ) are the same, D = Ds , we get a power law with an ex
ponent different from that in Eq. (10):

k ос Ф (D l)/(3-D) (13)
(Note that RADLINSKY et al. [ 1999] recently suggested another scaling law

S oc R1Dsspec

for the specific surface area of rocks. However, this scaling leads to к ocdr' 
which is not consistent with measurements.)

From Eqs. (10) and (13) two different possible relations can be derived 
between the exponent v (in the rule к ссф4' ) and the fractal dimension D of 
the pore surface. It is convenient to distinguish these two fractal dimen
sions as D\ and D2:
—For the first permeability model [MOSOLOV and DlNARYEV 1987] 

v = 2/(3-D ) and
£>,=(3v-2)/v (14)

—For the second permeability model [PAPE et al. 1987a; KORVIN 1992] 
v = (Z)-l )/(3-D) and

Z T = (3 v+ l)/ (v+ l) (15)
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In order to experimentally establish a £cc(hv trend for some rock type 
one has to measure porosity and permeability on a suit of representative 
rock samples belonging to the same lithology, age and depth range 
[ROBERTS and SCHWARTZ 1985]. From the obtained V exponent, one can 
then estimate the fractal dimension D of the pore space by either of the 
Eqs. (14) or (15). As will be shown below (Section 4), the dimensions D , 
and D2 belonging to the same v value are quite different. Until further the
oretical studies would more precisely define the exponent in the к ссфу law 
in terms of pore-surface dimension, both fractal dimensions should be ac
cepted as possible values.

3. Measurement of porosity and permeability

The porosity and permeability measurements had been carried out 
on 20 sandstone and 20 limestone samples from Saudi Arabian reservoir 
rocks, and for a series of effective pressures ranging from 4 to 83 MPa (ex
perimental details and porosity-, resp. permeability vs. pressure plots have 
been published in ABDULRAHEEM  et al. [1999]). The samples were of cy
lindrical shape with 1.5 inch (3.81 cm) diameter and 1.0 inch (2.54 cm) 
length. For every sample, the confining pressure was increased from 4 MPa 
to 82 MPa in suitable increments. Sufficient time was left at every pressure 
step to ensure that the corresponding strains were fully developed. The po
rosity and permeability of the rock specimens were measured simultane
ously at every pressure step. A combined porosity and permeability meas
urement apparatus was assembled for this purpose. The porosity was meas
ured using the Helium gas expansion method (Fig. 1). The permeability 
was measured either by the steady state method (Fig. 2) or by the pressure 
pulse decay technique (Fig. 5) for some very tight samples. The procedure 
and theory for measuring the porosity by gas expansion method and perme
ability by steady state method are well known [GATLIN 1960; TlAB and 
DONA LD SO N  1996]. However, a brief review of determination of perme
ability by pressure pulse method seems necessary.

The schematic diagram showing the experimental arrangement of the 
transient pressure pulse test is shown in Fig. 3. The procedure consists of 
the following steps:
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Cell pressure

Fig. /. Schematic of the porosimeter (Helium gas expansion method) 
[From A b d u l r a h ee m  et al. 1999]

I. ábra. A porozitásmérő berendezés vázlata (Hélium gáz kiterjedéses módszer) 
[A b d u l r a h ee m  et al. 1999 nyomán]

Porosimeter

Hand pump for confining pressure

Fig. 2. Schematic for steady state method for permeability measurement 
[From A b d u l r a h ee m  eta l. 1999]

2. ábra. Permeabilitás mérése az állandósult fázis módszerével 
[A b d u l r a h ee m  etal. 1999 nyomán]
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Data
acquisitic I

Hand pump for confining pressure

Fig. 3. Schematic for pulse decay method. [From A b d u l r a h ee m  et al. 1999] 
3. ábra. Permeabilitás mérése a pulzus csillapodás módszerével 

[Ab d u l r a h ee m  et al. 1999 nyomán]

—The system consisting of the core holder and the upper and lower 
reservoirs is brought to a certain pressure called the system pres
sure.

—The upper reservoir is isolated and its pressure is increased by about 
2-3% of the system pressure.

—The pressure pulse is made to flow through the rock specimen and 
its decay with time is recorded by the data acquisition system. The 
pressure decay data can be used to determine the permeability of the 
rock specimen [BRACE et al. 1968; JONES 1994; TlAB and 
D o n a l d s o n  1996].

4. Determination of the pore surface fractal dimension

For all pressure steps, and for both sandstones and limestones, the 
measured air permeability k as a function of porosity Ф followed a power 
law к ос ф 4' (see Tables /, II). The exponent v showed a smooth dependence 
on pressure P {Figs. 4, 5). Using Eqs. (14, 15), we converted the v(P) rela-
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tions to D(P) relations which thus describe the behavior o f the fractal di
mension D o f the pore surface as function o f  effective pressure P. Both pos
sible mechanisms, DfP)  and D2(P), yielded physically plausible fractal 
pore surface dimensions (i.e. between 2 and 3). For all pressure steps 
Pe[4MPa, 84MPa] the dimensions satisfied

2<D 1 sandstone(P)<D2sands,one(P)<2.5 and 2.5<£>,l“’̂ f p ^ p,2LimsstmifP)<2.7.

P(MPa) V />,=( 3v-2)/v D2=(3v+1)/(V+1)
04.13 2.10 2.048 2.355
13.79 2.30 2.130 2.394
24.13 2.45 2.184 2.420
34.47 2.47 2.190 2.424
44.81 2.58 2.225 2.441
55.15 2.90 2.310 2.487
65.50 2.78 2.281 2.471
75.84 2.93 2.317 2.491
82.73 2.95 2.322 2.494

Table I. Permeability exponent v and fractal dimensions D\ and D2 for sandstone samples 
I. táblázat. A v permeabilitás kitevő és D\ és D2 fraktál dimenziók homokkövekre

P(MPa) V £>!=( 3v-2)/v D 2= (3v+ 1) /(v+ 1)
04.13 5.68 2.648 2.701
13.79 5.71 2.650 2.702
24.13 5.59 2.642 2.697
34.47 5.59 2.642 2.697
44.81 5.60 2.643 2.697
55.15 5.42 2.631 2.688
65.50 5.25 2.619 2.680
75.84 5.14 2.61 1 2.674
82.73 4.94 2.595 2.663

Table II. Permeability exponent v and fractal dimensions D\ and D2 for limestone samples 
II. táblázat. A v perméabilités kitevő és D\ és D2 fraktál dimenziók mészkövekre

The behavior of the fractal dimensions D\ and D2 as functions of pres
sure is shown in Tables I, II and Figs. 6 and 7. Note that both kinds of frac
tal dimension are increasing with pressure for sandstones and decreasing 
with pressure for limestones. The higher values provided by the D2 dimen-
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Fig. 4. The permeability exponent v as function of pressure for sandstone samples 
4. ábra. A permeabilitás hatványkitevő (v) a nyomás függvényében homokkő minták

esetében

Effective Confining Pressure (MPa)

Fig. 5. The permeability exponent v as function of pressure for limestone samples 
5. ábra. A permeabilitás hatványkitevő (v) a nyomás függvényében mészkő minták

esetében
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Fig. б. The fractal dimensions D\ and £>2 (Eqs. 14, 15) as functions of pressure for
sandstone samples

6. ábra. A D\ és D j fraktál-dimenziók (v.ö. 14, 15 egyenletek) a nyomás függvényében
homokkő minták esetében

Effective Confining Pressure (MPa)

Fig. 7. The fractal dimensions D\ and Di (Eqs. 14. 15) as functions of pressure for
limestone samples

7. ábra. A D 1 és D2 fraktál-dimenziók (v.ö. 14. 15 egyenletek) a nyomás függvényében
mészkő minták esetében
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sions make this mechanism more plausible, but even these values are 
somewhat lower than most of the published Devalues [AVNIR et al. 1985; 
T h o m p s o n  et al. 1987; K a t z  and T h o m p s o n  1985; R a d l i n s k y  et al. 
1999]. The relatively low pore surface dimensions found in this study are 
likely due to the almost clay-free nature of the samples (less than 2% clay 
according to XRD, or to analysis by the pipette method [LEWIS and 
McCONCHIE 1994]). In reservoir rocks, low fractal dimensions correspond 
to the original unaltered pore surface [PELEG and NORMAND 1985 ; PAPE et 
al. 1987b], while the higher (>  2.7) values are related to the growth of dia- 
genetic clay along the rock/pore interface [KROHN and THOMPSON 1 986; 
WONG et al. 1986; WONG 1987] — which is absent in our samples.

5. Discussion

We cannot explain yet why D(P) increases with Pfor sandstones while 
it decreases for limestones. In the pressure range of the experiments 
(<85 MPa) both porosity and permeability decreased with pressure for 
sandstone and limestone as well (Figures 8 and 9 — the sandstone curves 
are convex from upwards, the limestone curves from downwards, as dis
cussed in ABDULRAHEEM  et al. [1999].) Conventional pore-space com
pression theory assumes non-interacting isolated spheroidal pores 
[ZIM M ER M A NN  1991]. In these rock models pore compressibility is in
versely related to pore aspect ratio a  as

C = 2(\-v)/jtaG  + 0 (a )  (16)
for small a, where the aspect ratio is a = b/a, that is the pore’s semi-minor 
axis divided by its semi-major axis; G is the solid rock component’s shear 
modulus, V  (in this equation only) is its Poisson ratio. Consequently, the 
closing pressure of pores of different shape is proportional to a. With in
creasing pressure first the pores with small aspect ratio will close up, then 
gradually the more rounded ones. To apply this theory to sedimentary 
rocks, consider a fractal pore surface model where, on the analogy with the 
classical Von Koch snowflake construction, an initially smooth 2- 
dimensional surface is iteratively decorated with smaller and smaller-sized 
‘pigeonholes’ [PAPE et al. 1987a, 1999] or ‘pits’ [De GENNES 1985]. If the 
‘decorations’ have a broad aspect ratio distribution and they are com
pressed in accordance with Eq. 16 then under increasing pressure the most
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Fig. 8. Porosity and permeability as a function of confining pressure for sandstone sample
[From A b d u l r a h e e m  et al. 1999]

8. ábra. A porozitás és permeabilitás nyomásfüggése homokkő mintára 
[A b d u l r a h e e m  et al. 1999 nyomán]

Confining pressure (MPa)

Fig. 9. Porosity and permeability as a function of confining pressure for limestone sample
[From Abdulraheem et al. 1999]

9. ábra. A porozitás és permeabilitás nyomásfüggése mészkő mintára 
[Abdulraheem et al. 1999 nyomán]
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elongated ones will close up first and the mean aspect ratio would shift to 
higher a  values. In this case as follows from the details of the Von Koch 
construction [FEDER 1988; KORVIN 1992] — the fractal dimension Ds 
would decrease with increasing P because the more elongated decorations, 
which had significantly contributed to the surface area, quickly close up 
and are no longer available at high pressures.

While this model (qualitatively, at least) explains the decreasing D(P) 
in limestone where cracks and penny-shape pores with small aspect ratio 
are more frequent [PITTMAN 1984], it contradicts the increasing D(P) trend 
in sandstone. In unstressed sandstone the pore aspect ratio distribution is 
much narrower [ZIMMERMANN 1991] and most of the ‘decorations’ are 
half-spherical. Under pressure however, if we wait long enough for the 
strains to fully develop, the pore surface will be in statistical equilibrium 
with the stress field. By Boltzmann’s maximum-entropy principle 
[KORVIN 1984] the equilibrium pore configuration would necessarily con
tain some elongated pores as well. Their larger contribution to surface area, 
and additional phenomena like stress-induced relative grain displacements 
and the natural tendency of the pore surface to maximize itself [COHEN 
1987] lead to surface roughening which could then result in an increasing 
D(P) like in Fig. 6.

As one of the Reviewers rightly pointed out, this explanation is not 
very convincing. In a sequel to this paper [KORVIN et al. 2001], an other ex
planation is proposed, based on the statistical geometry of crumpled paper 
balls, and a modified Kozeny-Carman relation.

6. Conclusions

A new experimental technique has been developed to indirectly deter
mine the fractal dimension of the pore surface of sedimentary rocks under 
varying pressure. In this technique, one first establishes a permeability vs. 
porosity relation on a suit of samples of the same lithology at each different 
pressure step. The fractal surface dimension is then estimated from the ex
ponent V figuring in the power law к ссф'’ describing к vs. Ф for the corre
sponding lithology and pressure.

A deficiency of the technique is that at present the physics of flow in 
fractal media is not properly understood. To date, at least three different
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scaling rules have been proposed to connect Ф, k, and Ds: MOSOLOV and 
DlNARYEV’s Eq. 10; PAPE et al.’s Eq. 13; and RaDLINSKY et al.’s к о сф 3 
law. The simple cubic law is inconsistent with measurements. Both Eqs. 10 
and 13 are viable mechanisms, though Eq. 1 3 is more plausible in light of 
published pore surface dimensions. Alas, the present set of measurements 
could not be used to decide between the competing theories.

It has been found that as the confining pressure increased from 4 to 
83 MPa, the surface fractal dimension of sandstone increased from 2 to 2.5, 
while for limestone it decreased from 2.7 to 2.65. The different pressure- 
dependencies of the fractal dimension of the pore surface in case of the two 
lithologies are due to the different factors governing compression in the 
various rock types.
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Kísérleti módszer az üledékes kőzetek fraktális porozitásának 
tanulmányozására a nyomás függvényében

KORVIN Gábor, Mohammed A. MOHIUDDIN és Abdulazeez ABDULRAHEEM

A dolgozat egy új kísérleti módszert ismertet amellyel fokozatosan növekedő nyomásnak 
alávetett üledékes kőzetek pórusfelszinének fraktál dimenzióját tanulmányoztuk. Húsz-húsz, 
Szaudi Arábia-i tárolókőzetekből származó homokkő és mészkő mintát vizsgáltunk; a nyomás 4 
M Pa-tól 83 MPa-ig változott. Minden egyes nyomásértéknél, és mindkét közetfajtára. a porozitás 
és perméabilités között косф' alakú hatványfüggvény összefüggés volt. Homokkövekre a v kitevő 
folytonosan növekedett kb. 2-ről kb. 3-ig, ahogy a nyomás 4-ról 83 MPa-ra nőtt. Mészkövekre 
ugyanebben a nyomástartományban a v kitevő monoton csökkent kb. 5,7-ről kb. 5-re. Ha elfogadjuk 
a két, az irodalomból ismert fraktál modell valamelyikét a kőzetekben való folyadékáramlás 
leírására, a hatványkitevőből meghatározható a pórusok felszínének D fraktál-dimenziója. Úgy 
találtuk, hogy D növekszik a nyomással D~ 2-ről D ~ 2,5-re homokkövekre, és csökken D æ 2.7-ről 
D ~ 2,65-re mészkövek esetében. A fraktál-dimenzió nyomásfüggése azért különbözik a két kőzet
fajta esetében, mert a kőzetek kompressziójának mechanizmusa is teljesen különböző jellegű.
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