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STUDY OF METHODS FOR DETERMINING VELOCITY AND 
DEPTH PARAMETERS IN LAYERED REALISTIC MEDIA

V. M. GLOGOVSKY* and G. N. GOGONENKOV*

Different methods for solving the problem on the basis of local homogeneity of the layers are 
compared by a special representation of the CDP traveltime curve. Error estimates for the velocity 
and the depth computations are given as a function of the errors of the initial data and the 
inhomogeneity of the medium. The problem of regarding the layers as locally homogeneous media 
is discussed.
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1. Introduction

One of the traditional problems in seismics is that of determining the spatial 
orientation of reflectors and the velocity of the layers bounded by them from 
the kinematic parameters (t0, VCDP, etc.) of the reflected waves. At one time this 
problem, called the inverse problem of reflection seismics, stood in the centre 
of data processing; subsequently, interest weakened for almost a decade and 
after that — through the emergence of new techniques and possibilities — it 
took on a new lease of life on the basis of newer ideas. Nevertheless, it never 
fully disappeared from the horizon of geophysicists since the resulting medium 
parameters are important not only for themselves (such as, for instance, the 
layer velocity as a substantial source of information necessary for predicting the 
lithological composition), but they are indispensable for proper data processing 
(e.g. the layer model of the medium is essential for the migration taking the 
refraction of rays into consideration as well).

The majority of the present-day methods used for solving the inverse 
kinematic problem of reflection seismics carries out the computation layer by 
layer, that is, going downward the velocity and the depth of each subsequent 
individual layer are determined successively from the kinematic parameters of 
certain reflecting interfaces marked out previously on the time section. Then in 
the course of the solution of this problem, it will be supposed for each layer, 
that
1. the parameters of layers in higher up positions are known and were deter

mined properly;
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2. in each step of the computation the layers are locally homogeneous.
In reality, however, the requirements mentioned above are fulfilled only 

approximately, as a result of which the estimates for the medium parameters 
sought for are subject to errors. These result mainly from the supposition of the 
layers being locally homogeneous. Direct velocity measurements in acoustic 
loggings demonstrate that the layers belonging to time differences larger than 
0.3-0,5 s are seldom homogeneous, although the reflections bounding the 
intervals selected for the layer-by-layer solution of the inverse problem border 
just such regions of the medium. This is confirmed indirectly by the often 
intensive arrivals more or less traceable for some length observable on the time 
section, between reflectors chosen as layer boundaries for the data processing.

In reality, errors will result from neglecting inhomogeneity when determin
ing the parameters of such layers, and these not only distort the parameters of 
the layer itself, but also adversely affect the accuracy of the parameters of the 
subsequent layers. In fact, the initial data necessary for solving the inverse 
problem for the subsequent layer shift over from the surface to the upper 
interface of the subsequent layer, thus, these data will be erroneous as well 
because of the parameter errors of the previous (upper) layer.

In this paper, we study the effect of the inhomogeneity of the real medium 
on the quality of the solution of the inverse kinematic problem if we assume 
locally homogeneous layers. First, a convenient representation of the time field 
is developed, actually for the CDP traveltime curves (i.e. the arrival times of the 
reflections are given as functions of the shotpoint and the recording locations). 
Subsequently, those concepts are reviewed on which the solution of the inverse 
problem referring to a homogeneous layer are based and it is shown that the 
various algorithms are equivalent to each other for homogeneous media, but 
they behave differently to velocity inhomogeneity. This enables one to formulate 
the task of ; identifying a layer by whether it is homogeneous or not. In the 
following the specific aspects of the layer-by-layer computation are discussed, 
given that the layer is inhomogeneous and the initial data are subject to error.

Since these problems are rather complicated and multifarious, our main 
intention is not so much to give detailed answers to the questions raised as to 
develop a more general approach to them on the basis of which answers are 
obtained in a more coherent way.

Let us review the tools necessary for solving the problem.

2. Skeleton velocity and the CDP traveltime curve representation

One of the difficulties in solving the inverse kinematic problem for inho
mogeneous media comes from the lack of an equation for the traveltime curves 
of reflected waves, in more or less simple form. The traveltime curve is usually 
described by a power series in which the coefficients of the terms are functions 
of the layer parameters [Urupov and Levin 1985]. In the case of comparatively 
more complex media, these series are slowly convergent and in addition to this
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the coefficients are complicated expressions, and are difficult to evaluate — 
especially with regard to solving the inverse kinematic problem. Thus we intend 
to formulate a traveltime curve representation with generalized medium charac
teristics which are not explicitely related to medium parameters. Nevertheless, 
this representation provides an opportunity to investigate several methods for 
determining the parameters of inhomogeneous layers and to compare them with 
each other.

Consider a layer with varying velocity t>(x, z) and a reflection of depth h(x) 
(Fig. 1). Let n be the ray with normal incidence to reflector h(x) starting from 
point <9 and reaching (£,/г(£)). Denote by / the distance between points <9 and 
(£,/*(£)), and by со the angle between this straight line and the vertical. Then (l,со) 
are the polar co-ordinates of reflection point (^,h(i))-

(x',0) 8 ( < 0 )

Fig. I. Definition of notations 

I. ábra. Vázlat a jelölések és közelítések szemléltetésére 

Рис. 1. К определению понятия каркасной скорости.

In oder to obtain the formulae in a more simple form, the upper interface 
(observation line) is taken to be horizontal; however, this limitation can easily 
be cancelled in the following operations if necessary. Upon similar consider
ations (with the same remark) the planar case will now be considered instead 
of the three-dimensional one.

Let the straight line z = kx + b passing through point (£,/;(£)) be perpen
dicular to the straight line (0 ,£,/*(£)), thus /c = tana>. Out of the arbitrary 
points (x', 0) and (x", 0) on the survey line let the first one be the shotpoint, the 
second one the recording point and consider the following zig-zag line: 
(x', 0) — r — (x", 0), rekx+ b, which satisfies the laws of optics at point r. We call 
such zig-zag lines, belonging to different source and recording points, skeleton 
rays, in order to distinguish them from the actual raypaths corresponding to 
reflector h(x), which are curved if v(x, г)ф const. The skeleton velocity is deter
mined for an arbitrary pair of points (x', 0), (x", 0) in the form of vs(i) = zf
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where fi is the actual traveltime from the zth source point to the zth recording 
point, and zfi is the length of the zth skeleton raypath. Then, the identity 
h = 4i/vs (z) will apply.

Let us denote the quantity 2l/t0 by v (t0 is the actual traveltime if both the 
source and the recording are placed at point 0) then vs(i) can be expressed in 
the form :

vs(i) =
Í 4 Ü )

( 1 )

where ДО is a function (the negative sign under the square root has been chosen 
for the sake of convenience), and

f 4 \ i ) Ai (2)

The quantity zfi (the length of the zig-zag) can easily be obtained in any given 
case, even for arbitrarily shaped surfaces. Actually, if the survey line is horizon
tal and the common midpoint is at & = {0, 0}, the CDP traveltime curve is 
given by:

Ax = 2 ]jb1 + X2 cosco

Consequently Eq. (2) will take the form:

t(x) =
2j / F 7 w

f i î + V 2

where v0 = v/ cos со, x is the half offset x e [0, L],

(3)

Referring to the CDP traveltime curve, function /(x ) can be characterized 
in the following way as well. From the definition of v it follows that v0 = 2b/t0. 
From this and from the identity t(0) = t0 it follows that/(0) = 0. Finally, from 
the symmetry of the CDP traveltime curve it follows that function Дх) is an even 
function. Now, if one or another form of f(x)  is used, different representations 
of the CDP traveltime curve can be obtained. If t(x) is an analytic function, then 
f(x)  can be represented in the form of an expansion in powers of x 2, the 
coefficients of which depend on the (even) derivatives of t(x) taken at x = 0 or 
on the derivatives of t2{x) in quadratic co-ordinates. For a detailed description 
see [Goldin and Suvorov 1977]. The advantage of the expressions given in such 
form lies in the fact that the derivatives of t(x) can be expressed by the par
ameters of the medium [Goldin 1979], thus, the equation of the traveltime curve 
can be obtained as a function of the physical parameters of the section. There 
is an additional possibility that the coefficients in the expansion of f(x)  are 
determined in such a way that the expansion should be the best quadratic 
approximation of f{x). This reduces considerably the requirement for the 
smooth behaviour of/(x), although there is no explicit relationship between the 
coefficients of the series and the parameters of the medium. This relationship
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is, however, not very important with regard to the investigation of the solution 
to the inverse problem; much rather it is essential that greater freedom in the 
characterization o f the medium is permitted (e.g. there is no need to prescribe 
the differentiability, the continuity, etc. at the layer boundaries) and just upon 
such considerations this way of obtaining the traveltime curve has been chosen 
(in connection with this we refer to Puzyrev’s work [1979] who treated the 
traveltime curve similarly).
Let

f ix )  = £  yjX2j+r„(x)
i= 1

where rn(x) is an even function, and r„(0) = 0.
Considering that from Eq. (1)

f ix )  = 1 -
2

let us determine the coefficients so that

i
n ~ \ 2

X yjx2j dx = min.
iyi)

(it should be recalled that L is half the maximum offset). In order to compute 
the coefficients y, the time values t(x) are necessary (the question in this case may 
be the approximation of the observed traveltime curve). We follow — however 
— an opposite course of treatment in studying the methods for solving the

П
inverse kinematic problem: we assume Дх) in the form X  yjX2J ie- the term

j= 1
rn(x) will be neglected. Then the traveltime curve

f ix)  = 2v0 1
П

X (b2 + x 2)
1/2

corresponds to an inhomogeneous medium; substituting t„(x) and its func
tionals into an explicit formula which gives the solution to the inverse problem 
in one or another way, it can be clarified how the solution and the coefficients 
y; are related to each other — the latter being characteristic to the extent to 
which the medium departs from the model of homogeneous media with plane 
interfaces (for which obviously each у ■ = ()). Now, there is no need to know the 
dependence of on the parameters of the medium : a knowledge of the domain 
of variation of the coefficients is sufficient. In addition, statements can be made 
on several opinions referring to the solution of the inverse kinematic problem 
by studying the most “simple” inhomogeneous medium, in which/(x) = yx2 and 
the traveltime curve
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2 __________________
t(x) = — ^b2 + { \ - b 2y)x2- y x i  (4)

vo
needs only one additional parameter in comparison with those of the homogene
ous one. Nevertheless, those models for which the traveltime curve can be 
approximated well by function (4) may even consist of “quite inhomogeneous” 
media in respect to the a priori ideas of possible velocity variations. In Fig 2, 
a two-layer model can be seen with differently dipping interfaces and with 
considerable velocity contrast. Even so, the traveltime curves of the lower 
reflector (which are influenced by the inhomogeneous layer between the lower 
interface and the surface) can be obtained from Eq. (4) with an error less than 
0.5 ms.

Fig. 2. Example for an inhomogeneous 
medium in which the CDP traveltime curve 
is well approximated by Expression (4)

2. ábra. Példa olyan inhomogén közegre, 
amelyben a CDP terjedési időgörbét jól 
közelíti a (4) kifejezés

Puc. 2. Пример неоднородной среды, 
в которой годографы ОГТ хорошо 
аппроксимируются выражением (4).

During seismic data processing, the kinematic parameters of the reflections 
are determined in the course of signal enhancement, consequently we do not 
deal with the traveltime curves themselves, but with their functionals, e.g. with 
t0 and VCdp- It is known that the values obtained in such a way are close to those 
obtained when the traveltime curve is approximated by the hyperbola 
(л + ßx2)1/2 with the least squares method, and it is supposed that tl = a and 
0.25VqDP = ß. Such approximation of traveltime curve (3) (for simplicity with 
co-ordinates (x, t2)) leads to the minimization of the following integral:

L

dx = min
(X.P)

О
y l

(b2 -  b2f(x)  + X2 -  x 2f(x)) -  a -  ßx2

After differentiating it with respect to a and ß, and making it equal to 0, we get 
the following linear equation system:
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L3 4
*L + ß -  = ~2 3 b2L - b 2 f(x )dx+  y  -  I x2/(x )d x

aL3/2> + /? — = -г

L
C L5

b2L 3ß  -  b2 x2/(x) dx+ y x4/(x) dx

From this equation system we get 

4 b2 9 b2
vlL

4_ 15.
Vo Vo L3

о
L

3 (5b2
т 3 х + ^ 1 [ и ~ ъ

L L

2 , , ^ л „ л .  -i^L Г x4/(x ) dx 
«ob J

x2/(x) dx+
o

(5)
15 /362

/ (* )d*~  7777 73  1v2L3 \  L2
x2/(x) d x - \f(x) dx

If/(x ) is of the form: /(x) = yx2 +^(x), in which у is determined from the 
condition

L

that is

(f (x) -  yx2) dx = min
<7 >

x 2<p{x) dx = 0

formulae (5) will have the form:

4b2 12 L4
« = —  + — 7

v02 ' 35 u2 r2L J
362 -  —  x4 )(P(x) dx

(6)

ß = 4 [ ! - ( ^  + 6/7L2)y] + 4 ^ b2 + —  x4 )#>(x) dx

When the residual <p(x) can be neglected, the CDP traveltime curve takes the 
form of Eq. (4), and for t0 and VCDP the following simple forms are obtained:

t0 = 2 b/v0 (7)

ĈDP |/l - ( 6 2 + 6/7L2)y
(8)
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Expressions (7) and (8) permit one to draw comparisons between the methods 
for solving the inverse kinematic problem in the case of such inhomogeneous 
media which can be described by formula (4). Already this makes it possible to 
clarify several features of such solutions. In the case of more complex media 
analogous relationships can be found if the terms of x4, x6, etc. are “taken out” 
consistently from function <p(x), and then they are taken into consideration in 
formula (6). In order to be able to apply relations (7) and (8), a knowledge of 
the domain of the variations of the coefficient y is necessary. For this purpose, 
first of all, on differentiating traveltime curve (4) we get:

As is well-known, [roi"(0)] 
thus

[Г(О)]-1 =
tnVouo

1 — b2y
■1/2 is the limiting value of the effective velocity ve

Vo
j/l —b2y

(9)

The relationship between the parameters of the section and ve are known 
for models of homogeneous layers with curved interfaces [Goldin 1979]. This 
allows us, in principle, to obtain similar relationships for parameter у expressed 
by ve from formula (9). Another possibility is to estimate the values of у directly 
from the CDP traveltime curve. In fact, if we write down relationship (8) for 
two offsets Lj and L2, and express у from them we get:

1 — c2
7 ~ (1 -  c2)b2 + 6/1 (Lj -  L\)

where
^cdp(- î)c = -----------
Vcmi^i)

Thus у depends on VCDP which is a function of the offset. The values of b 
necessary for computing у can be estimated as 0.5to KCDP as we show in the 
following.

These results will be utilized, first of all, to compare the several methods 
used for solving the inverse kinematic problem. All of these start from the 
supposition of local homogeneity of the medium when initial data correspond 
to an inhomogeneous layer. But first, we discuss these methods in detail.
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3. Two principles for solving the inverse kinematic problem in homogeneous
media

The basic laws of geometrical seismics are Bendorf’s* law and Snell’ s law, 
both of them offering independently the possibility to solve the inverse problem 
in homogeneous media. It is true that with Bendorf’s law one still needs the 
supposition of plane interfaces but this is not a strong constraint because 
geologically it is often justifiable and the form of the CDP traveltime curve does 
not depend strongly on the curvature of the reflector. Therefore, if the velocity 
is constant and the reflector is plane, then using Bendorf s law the traveltime 
of the wave from the source point to the registration point can be expressed as 
a function of their co-ordinates and of the three parameters of the medium, viz. 
the velocity of the layer, the depth, and the dip of the reflector. Three equations 
are enough to determine the unknown parameters. In the simple case of a 
horizontal surface these equations transform into the equation of a traveltime 
curve whose parameters can be converted into the parameters of the medium. 
The initially set-up problem, which presumes the solution of the non-linear 
equations based on the parameters of the medium, proves to be useful if 
computation is carried out according to the algorithm of layer-by-layer com
putation. In fact, the curvature of intermediate interfaces and the collapse of 
the structure of the CDP traveltime curve fail to allow the application of the 
explicit equation of the traveltime curve in reducing the initial data to the 
surface of the subsequent layer. Formula (2), in which it is assumed that/(/) =  0 
for a homogeneous layer, permits one, however, to set up a relationship between 
the arrival time of the wave reflected from the interface z = kx + b and the 
parameters k, b, and the velocity v for every position of the source and the 
receiver. A series of such equations for various source-receiver pairs in which 
parameters k, b and v are a priori assumed to be the same, constitute such a 
system from the solution of which estimates for the required parameters can be 
obtained. The system of equations is usually overdetermined and its solution 
is achived by the least-squares method. In principle, this is equivalent with that 
procedure in which the parameters of the traveltime curve are converted into 
the parameters of the medium, smoothing beforehand the observed arrival times 
by the least-squares method. The solution of the inverse problem derived from 
Bendorf’s law by the method of proceeding from layer to layer is called the 
Л-method in the following.

Let us return to the observation carried out on the surface, since all 
formulae take a simpler form in this case and they are easily interpreted. Then, 
the solution to the inverse problem can be obtained by the following formulae: 
the tangent of the dip of the reflector is к = 0.5 t0VCDP, the (vertical) depth to 
the reflector is H= 0.5 t0 VCDP. Accordingly, the (x, z) co-ordinates of the reflect
ing point of the normal ray are

♦Bendorf’s law: dt/dl=p , where /=  offset. V/
p = ray param eter:-----

K+1
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(x, z)
Hk H \

T + k 1 +k2) ’

where x0 is the co-ordinate of the centre point of the CDP traveltime curve.
The solution of the inverse problem based on Snell’s law in a homogeneous 

layer has its foundation in the following conception. Consider the point of the 
CDP traveltime curve at a distance of 2x. Denote by mx + n the tangent to the 
reflecting interface at the reflecting point, by a the angle of the incident ray with 
the surface, and by ß that of the emerging ray.
The following relationships hold:

sin a =

sin ß =

\__

|/l +m2

1

|/l +m2

x — mn 
j x2 + n2

x + mn 
]/x2 + n2

The following three equations can be set up for the unknown parameters m, n 
and V of the medium :

sin ß
V

sin ß
— -  +

V

sin a
V

sin a
V

1 __ 2
V f[+

2 x
/1 +m2 [ x ^  

2 mn
]J\+m2 /̂xI T

=  fx2 + n2 = 
m 2

1

V

1

V

A

В ( 10)

The quantities (sin <x)/v and (sin ß)/v are known for the layer in question since 
according to Snell’s law they are equal to the corresponding ratios of the upper 
layer, the parameters of which are known similarly to the angles of emergence. 
On the surface, their values are equal to the derivatives of the traveltime curves 
taken at the reciprocal points. Therefore this method of solving the inverse 
problem is called the method of reciprocal points [Urupov and Levin 1985]. The 
quantities A, В and t (the traveltime of the wave for a given raypath) are to be 
measured. Let us introduce the following notation:

1
И' =  ----; ■ ■■ ■

V ]/l + m2

Then w = Lcdp- The solution to the system of equations (10) is given by the 
relations :
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w  —

n =

m =

The method of reciprocal points and the Л-method apply Snell’s and 
Bendorfs laws in their “pure form”. In addition to these, there are other 
well-proven methods in practice, which take both laws into consideration at the 
same time, e.g. the iterative method [Goldin 1979]. Since each of the two laws 
is individually capable of solving the inverse problem, their joint use may lead 
to contradiction's (the corresponding equations are inconsistent) if the homo
geneous model is not an appropriate choice for the real medium, or the initial 
data are subject to errors. As usual, the elimination of this difficulty is achieved 
by solving the equations by the least-squares method. Thus, we possess the 
explicit formulae for the solution of the inverse problem by the Л-method and 
by the method of reciprocal points, both of which express the required par
ameters of the medium by the functionals t 0, KCDP, t'0 of the observed time field. 
Obviously the solution obtained will be suitable if the initial data correspond 
to that medium for which the formulae have been derived. Otherwise (i.e. if the 
layer is inhomogeneous), errors appear, which can be estimated by taking into 
account the explicit expressions derived for inhomogeneous media from the 
initial data. In order to avoid further technical difficulties, “the most simple” 
inhomogeneous model (f{x) = yx2) will now be considered again remembering 
once more the fact that those traveltime curves which are considered to be 
“realistic” are described in such a way in many models.

В |/x

IÍA ]/t — Ax

4. Comparison of the solutions obtained by the method of reciprocal points and 
the Л-method for inhomogeneous layers

Assume that the primary data correspond to an inhomogeneous layer. It 
is clear even qualitatively, that the local solutions of the two methods (at the 
centre of the CDP traveltime curve) will differ from each other. In fact, in the 
Л-method the solution is obtained from the values of t 0, t'0 and KCDP belonging 
to the point studied, while the variation of VCDP in the vicinity of this point is 
ignored by the formula. With the method of reciprocal points, however, the 
derivatives of the traveltime curves for common shotpoints are necessary to 
compute the angles of emergence of reciprocal rays, i.e. adjacent CDP traveltime 
curves have to be processed. This fact becomes evident especially if the deriva
tives are replaced by finite differences (which is practically compulsory due to
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the discrete sampling in the seismic observation). Then, it is obvious that in the 
computation of the required derivatives so many neighbouring CDP traveltime 
curves are involved as many points are taken in the approximation by finite 
differences. Consequently, in the solution of the inverse problem by the method 
of reciprocal points the quantity VCDP is additionally taken into consideration 
as well. In other words, the two methods manipulate the same “common block” 
of data in a different manner.

Next, let us derive the necessary quantitative connections for that case 
when the CDP traveltime curve t(x) is described by formula (4).
According to the well known relation

sin ß  sin a _ dt(x)
V V dx

from which it is obtained that
sin ß  sin a 4 x ( \ - b 2y - 2 y x 2)

A = --------------- = — ---------------------
V V Vq t

Substituting the expression for A into the first formula of Eq. (11) we get:

(12)

The quantity VCDP is not a final parameter in the method of reciprocal points, 
it is rather an intermediate computation result. Once VCDP is known the ratio 
of the estimates of the layer velocity V and the cosine of the dip of the layer 
(cos ф), is known as well. First of all, it can be seen from formula (12), that this 
ratio is a function of the spread length x,  from which the parameters of the layer 
can be derived. Then a comparison of (12) with (8) shows that the spread length 
is multiplied by 2 in the first formula and by 6/7 in the second one. For this 
reason the^ratio V/cos ф ( V and cos ф are estimated by the /^-method) is not 
equal to F/cos ф, hence the equalities V= V and ф = ф are not valid simul
taneously. Thus, if уф0, the method of reciprocal points and the Æ-method 
supply different layer parameters, which are the more different, the more inho
mogeneous the medium. As mentioned already, the layers selected for solving 
the inverse problem are a priori to be regarded as inhomogeneous ones. Even 
so, not every kind of inhomogeneity necessarily leads to the erroneous deter
mination of the layer parameters. For instance, if the first layer in Fig. 2 is 
regarded to be homogeneous and the inverse problem is solved under this 
assumption, then the dip and depth of the interface are retrieved with fairly 
good accuracy. In other cases, the situation may be different — much depends 
on the velocity gradient, on the curvature of intra-layer bedding and its conform
ity or unconformity, and on the combination of these and other factors. 
Therefore, for every solution of the inverse problem it is important to know 
whether or not the model may be regarded to consist of homogeneous layers. 
This is the task of indentifying the medium. This fact found by us implies that
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one can recognize if a layer is not homogeneous merely by the initial data 
without using any a priori information. From formulae (8) and (12) a conclusion 
opposite to this can be drawn too : from the fact, namely, that in the method 
of reciprocal points F/cos ф is identical to FCDP the latter being obtained directly 
from the CDP traveltime curve; it follows that у = 0. The simultaneous applica
tion of different algorithms to determine the velocity and depth data characteriz
ing the layered model of the medium enhances the confidence in the good quality 
of the data obtained in those cases in which the layer was considered to be 
locally homogeneous. If the match is not sufficient, necessity of taking steps to 
increase the accuracy of the solution emerges (one way to resolve the medium 
into more layers is to utilize a method which takes into consideration the 
velocity variation within the layer, etc.).

With this approach not only can the methods for solving the inverse 
problem in inhomogeneous media be compared with each other but a series of 
other questions can be answered as well—in particular, the extent of the result
ing error when the layer is considered to be homogeneous, the effect of the errors 
in the initial data, and the extent of errors resulting from the algorithm of the 
layer-by-layer computation when determining the layer parameters. Without 
going into detail we touch upon some relevant factors which have considerable 
influence on the final results.

§. Accuracy in determining the layer parameters 
in the layer-by-layer algorithm

First we discuss how the inhomogeneity of the layer influences the deter
mination accuracy of the parameters in the R-method, if observation is per
formed on the surface. As can be seen from Fig. 1, the true co-ordinates of the 
reflecting point (£, h(£)) belonging to the normal ray are to be computed as :

£, = -  b cos to sin w
h(£,) = b cos2 a)

(remember that point 9 coincides with the origin of the co-ordinate system). As 
a solution to the inverse problem, we get estimates for b and a> (denote these 
by H and tp respectively), i.e., instead of point (£, //(£)) we obtain the point 
(I, fi(0) -  ( — Я cos tp sin tp, Я  cos2 tp). The square of the distance between 
them is given by:

where
Q2 = b2 cos2 eu + H(H -  2n) cos2 tp — mH sin 2tp, 

m = b sin w cos to, n = b cos2 w
Considering у as a variable, we seek for a minimum of q2 according to tp. This 
occurs when
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tg 2(p =
b sin 2co 

H —2b cos2 со
and it equals

Qmin ~ b2 cos,2 a> + 0.5H[H-2b cos2 co-^ (H-2b  cos2 co)2 + b2 sin2 2ш\

It is evident that ßmin gives a lower estimate of the distance between the actual 
reflecting point of the normal ray and the corresponding point resulting from 
the solution of the inverse problem. p2in is a monotonie function of cos со and 
reaches its maximum at cu = 0. In this case (if 2b > H), gmiB = H - b .  In the 
Ä-method the estimates for H and cp can be obtained in the form of

H = 0.5 to Î cdp■* tan V = 0.5/oLCDP
Substituting the values of t0 and VCDP—formulae (7) and (8), respectively— 
into the expression of H we get:

j l - ( b 2 + 6/lL2)y

The values of H —b as a function of у and b (at L — 1.2 km) are given below:

H - b  (km)

Thus, starting from possible values of y, the determination error in the position 
of the reflecting point increases inadmissibly, and rapidly with the increase of 
the value of b.

To demonstrate how realistic the values of у in the table above are, consider 
the possibility of estimating у on the basis of the VCDP values at two points of 
the CDP traveltime curve and L2 far from each other. Let L, = 0 and L2 = 
= 1.2 km, and compute the ratio of ve and VCDP for the whole spread. If 
re/LCDP = 0.98 (i.e. they differ from each other by 2%) then at b= 1 km: 
у = 0.031, and at b = 3 km: у = 0.025. A detailed study of the formulae reported 
in this paper (and of other similar ones) proves that with increasing inhomo
geneity and thickness of the layer the determination error in the position of the 
reflector may exceed several hundred metres. This actually explains why depth 
conversions led, as a rule, to correct results down to depths of 2-2.5 km and then 
the errors (proportional to the square of the layer thickness as shown by the 
formulae) increased. It was essentially this realization that led to the method of 
the layer-by-layer computation, but the foregoing conclusions remain valid even 
there: in creating the model from the time section, one has to be careful not to 
let the layers be too thick. In practice, reasonable values of b are between 1 and

\ H k m )
r

1 2 3

0.01
0.03

0.011
0.035

0.054
0.178

0.317
0.604
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1.5 km (it should be noted that the thickness is measured commonly along the 
normal of the reflector and is estimated by b cos <p, where <p is the dip angle of 
the interface).

The method of the layer-by-layer computation of the medium parameters 
has the useful feature that in reducing the initial data to the upper boundary 
of the subsequent layer, the length of the traveltime curve decreases propor
tionally to its thickness and depth. In addition to this, the computed time field 
will be erroneous due to those errors which occur when determining the kine
matic parameters of the waves, and due to those inaccuracies associated with 
the velocity and depth values of the upper layer. These errors are mainly of 
systematic character since both the initial values and the intermediate data are 
considerably smoothed. In order to clarify the way in which all of these factors 
affect the solution of the inverse problem in the subsequent layer, we turn again 
to the technique developed in the foregoing. The time field on the upper 
boundary is described by Eq. (2). If the time values t, are subject to errors e,, 
theq, in order to maintain the validity of Eq. (2) the values of v and /(/) have 
to be modified at the interface. In other words, an error in the initial data is 
equivalent to a modified set of “the inhomogeneity parameters” of the layer 
and accurate arrival times. If the values of e; are small (~2-5  ms), v remains 
practically unchanged. Function /(/'), however, is modified considerably, especial
ly if the offset is small. If, for simplicity, one considers a traveltime curve of the 
form (3), in which f{x) = yx2, and the time values t(.v) are subject to the 
distortions e(x), then the traveltime curve ?(х) + фг) is characterized by the 
parameter у = у -  Ay, in which the estimate for the major term of Ay (with an 
accuracy of the order of e(x)) is given by the inequality:

5
L5 cos ш

L
f 5 1

s(x)x d.v ^  Ay ^  - --------  -
J L cos со b
о

L/•

s(x)x2 dx 
о

As an example, if L = 0.5 km, e(x) = 0.016x2 (an error of 4 ms in arrival times 
at maximum offset), then at b= 1 km y = 0.05 and if a> = 45°, the value of Ay is 
of the order of 0.01. The consequence of such a modification of the value of у 
has already been discussed when dealing with the /^-method. For a choice of 
L = 0.4km Ay will be doubled—consideration for the nonlinear relationship 
between Ay and L is especially important in the layer-by-layer computation.

6. Conclusions

A more thorough analysis of expression (2) shows, for concrete situations, 
when depth transformations are not to be carried out'due to accumulation of 
errors, and when acceptable results can be obtained. It may happen that the 
errors committed in the computation of the time field performed from the 
surface compensate for the effects of inhomogeneity of the layer and this leads
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to a more accurate determination of the layer parameters—as if the same 
method had been applied for a homogeneous medium and proper data.

Of course, the accumulation of errors necessarily has negative conse
quences and one of the resulting practical conclusions is that in some cases a 
compromise has to be made between the method of determining each layer from 
the surface and the method of the layer-by-layer computation. Just in the upper 
part, where the section exhibits the highest variability, it is necessary to carry 
out finer resolution. In the lower part, where the velocities relatively stabilize, 
the observation base shortens substantially, and it is thus feasible to increase 
the layer thicknesses or to complete the solution of the inverse problem for each 
layer from a certain “inner” interface. Then, the increase of the parameter b acts 
in a less destructive manner than do the reduction errors of the time field 
accumulated due to the large number of steps.

The suggested analysis is helpful in choosing the strategy for solving the 
inverse problem in concrete cases in the possession of suitable a priori informa
tion; a posteriori it helps in comparing the results obtained by the methods of 
reciprocal points and the Ä-method. Here one has to keep in mind that the result 
of the solution of the identification problem in the presence of errors in each 
step depends on the nature of both the medium and the errors. Deviations of 
the layer parameters determined by both methods imply that either the model 
or the initial data (or both) have to be corrected for. If the results are the same, 
then it is only true that parameter y, which characterizes the time field at the 
upper interface of the layer, is equal to zero. However, this may also be a 
consequence of the fact that the true time values are distorted by errors. Then, 
the depth transformations are incorrect and there are no “inner” data for 
recognition of the situation. In such cases possibly the only argument for the 
reliability of the solution is that the probability of occurrence of such particular
ly unique errors is rather low.
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SEBESSÉG- ÉS MÉLYSÉGPARAMÉTEREK MEGHATÁROZÁSA RÉTEGZETT 
KÖZEGBEN VALÓS FELTÉTELEK MELLETT

V M. GLOGOVSZKIJ és G. N. GOGONENKOV

A szerzők a reflexiós szeizmika inverz kinematikai feladatának megoldási problémáit vizsgál
ják inhomogén közegben. CDP útidő-görbe speciális előállításának segítségével összevetik a feladat 
megoldására alkalmazott, a rétegek lokális homogenitásán alapuló különböző eljárásokat, a sebes
ség- és mélységszámításokra hibabecslést adnak, a kiindulási adatok hibáinak és a közeg inhomoge
nitásának függvényében. Megtárgyalják a lokálisan homogén közeg felismerésének kritériumait.

ИССЛЕДОВАНИЕ СПОСОБОВ ОПРЕДЕЛЕНИЯ СКОРОСТНЫХ И ГЛУБИННЫХ 
ПАРАМЕТРОВ СЛОИСТОЙ СРЕДЫ В РЕАЛЬНЫХ УСЛОВИЯХ

В. М. ГЛОГОВСКИЙ и Г. Н. ГОГОНЕНКОВ

Рассматриваются проблемы, возникающие при решении обратной кинематической 
задачи MOB в неоднородной среде. С помощью специального представления годографа 
ОГТ сопоставляются между собой различные способы, решающие задачу в предположении 
о локальной однородности слоя. Оцениваются погрешности определения скоростных и глу
бинных параметров в зависимости от ошибок в исходных данных и степени неоднородности 
среды. Обсуждается новая задача об идентификации слоя как локально однородного.




